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PREFACE 


The systematic study of supermatrices and super linear 
algebra has been carried out in 2008. These new algebraic 
structures find their applications in fuzzy models, Leontief 
economic models and data-storage in computers. 

In this book the authors introduce the new notion 
of superbimatrices and generalize it to super trimatrices 
and super n-matrices. Study of these structures is not only 
interesting and innovative but is also best suited for the 
computerized world. 

The main difference between simple bimatrices 
and super bimatrices is that in case of simple bimatrices 
we have only one type of product defined on them, 
whereas in case of superbimatrices we have different types 
products called minor and major defined using them. 

This book has four chapters. Chapter one describes 
the basics concepts to make this book a self contained one. 
Superbimatrices, semi superbimatrices, | symmetric 
superbimatrices are introduced in chapter two. Chapter 
three introduces the notion of super trimatrices and the 
products defined using them. Chapter four gives the most 
generalized form of superbimatrix, viz. super n-matrix. 

This book has given several examples so as to 
make the reader understand this new concept. Further 
minor and major by product defined using these new 
concepts are illustrated by examples. These algebraic 
structures are best suited in data storage in computers. 


They are also useful in constructing multi expert super 
models 

Finally it is an immense pleasure to thank 
Dr.K.Kandasamy for proof-reading and Kama, Meena and 
Rahul without whose help the book would have been an 
impossibility. 

We dedicate this book to the millions of Tamil 
children in Sri Lanka who have died or become disabled 
and displaced due to the recent Sri Lankan war. 


W.B.VASANTHA KANDASAMY 
FLORENTIN SMARANDACHE 


Chapter One 


BASIC CONCEPTS 


In this chapter we just recall the definition of supermatrix and 
some of its basic properties which comprises the section 1. In 
section two bimatrices and their generalizations are introduced. 


1.1 Supermatrices 


The general rectangular or square array of numbers such as 


2. Bo il A 
A= ,B=|-4 5 6), 
5 07 -8 


C=[3, 1, 0,-1,-2]andD=| /2 


are known as matrices. 


We shall call them as simple matrices [19]. By a simple 
matrix we mean a matrix each of whose elements are just an 
ordinary number or a letter that stands for a number. In other 
words, the elements of a simple matrix are scalars or scalar 
quantities. 

A supermatrix on the other hand is one whose elements are 
themselves matrices with elements that can be either scalars or 
other matrices. In general the kind of supermatrices we shall 
deal with in this book, the matrix elements which have any 
scalar for their elements. Suppose we have the four matrices; 


2 -4 0 40 
aun , ans 
ee are ce ey. £219 


3. -l 4 12 
aj=|5 71|]anda.=|-17 6 
—2 9 3 lil 


One can observe the change in notation aj denotes a matrix and 
not a scalar of a matrix (1 <1, j <2). 


Let 
|i" ia 
a= 9 
Ax, Any 


we can write out the matrix a in terms of the original matrix 
elements i.e., 


Here the elements are divided vertically and horizontally by thin 
lines. If the lines were not used the matrix a would be read as a 
simple matrix. 


Thus far we have referred to the elements in a supermatrix 
as matrices as elements. It is perhaps more usual to call the 
elements of a supermatrix as submatrices. We speak of the 
submatrices within a supermatrix. Now we proceed on to define 
the order of a supermatrix. 

The order of a supermatrix is defined in the same way as 
that of a simple matrix. The height of a supermatrix is the 
number of rows of submatrices in it. The width of a supermatrix 
is the number of columns of submatrices in it. 

All submatrices with in a given row must have the same 
number of rows. Likewise all submatrices with in a given 
column must have the same number of columns. 

A diagrammatic representation is given by the following 
figure. 


i ee ee eT Ail) 


In the first row of rectangles we have one row of a square 
for each rectangle; in the second row of rectangles we have four 
rows of squares for each rectangle and in the third row of 
rectangles we have two rows of squares for each rectangle. 
Similarly for the first column of rectangles three columns of 
squares for each rectangle. For the second column of rectangles 
we have two column of squares for each rectangle, and for the 
third column of rectangles we have five columns of squares for 
each rectangle. 

Thus we have for this supermatrix 3 rows and 3 columns. 

One thing should now be clear from the definition of a 
supermatrix. The super order of a supermatrix tells us nothing 
about the simple order of the matrix from which it was obtained 


\oO 


by partitioning. Furthermore, the order of supermatrix tells us 
nothing about the orders of the submatrices within that 
supermatrix. 

Now we illustrate the number of rows and columns of a 
supermatrix. 


Example 1.1.1: Let 


a iS a Supermatrix with two rows and two columns. 


Now we proceed on to define the notion of partitioned matrices. 
It is always possible to construct a supermatrix from any simple 
matrix that is not a scalar quantity. 

The supermatrix can be constructed from a simple matrix 
this process of constructing supermatrix is called the 
partitioning. 

A simple matrix can be partitioned by dividing or separating 
the matrix between certain specified rows, or the procedure may 
be reversed. The division may be made first between rows and 
then between columns. 

We illustrate this by a simple example. 


Example 1.1.2: Let 


oN? TY le ee 0 

Ia OO 3" 2 

5 -l1 67 8 4 
A= 

OF 90 IT) 2 OQ 1 

25 23 4 6 

Le s6e Ted. “e 


is a6 X 6 simple matrix with real numbers as elements. 
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SOE De 20 

1 Q)..)20! “3 S22 

5 -l|6 7 8 4 
Ay — 

0 Le 2. OST 

2 23 4 6 

1 Lo. 9 


Now let us draw a thin line between the 2" and 3™ columns. 
This gives us the matrix A;. Actually A; may be regarded as 
a supermatrix with two matrix elements forming one row and 
two columns. 
Now consider 


3 fod 2 0 

1 2B. iD. 2 

5 -l1 6 7 8 4 
A> = 

0 9 12 0 -1 

2 De 2 3 AG 

oe ly [2 43°. 9 


Draw a thin line between the rows 4 and 5 which gives us the 
new matrix A». A» is a supermatrix with two rows and one 
column. 

Now consider the matrix 


A3 1S now a second order supermatrix with two rows and two 
columns. We can simply write A; as 


11 


where 
3 
fu: 
ai = 5 _1|’ 
0 9 
| aed 
a O33. 2 
ai2 = 678 > 
12 0 -1 


BB 3 A. 
a= and an = ‘ 
sical fale ¢ renee wage a 


The elements now are the submatrices defined as a1), aj2, a2) and 
a. and therefore A; is in terms of letters. 

According to the methods we have illustrated a simple 
matrix can be partitioned to obtain a supermatrix in any way 
that happens to suit our purposes. 

The natural order of a supermatrix is usually determined by 
the natural order of the corresponding simple matrix. Further 
more we are not usually concerned with natural order of the 
submatrices within a supermatrix. 

Now we proceed on to recall the notion of symmetric 
partition, for more information about these concepts please refer 
[19]. By a symmetric partitioning of a matrix we mean that the 
rows and columns are partitioned in exactly the same way. If the 
matrix is partitioned between the first and second column and 
between the third and fourth column, then to be symmetrically 
partitioning, it must also be partitioned between the first and 
second rows and third and fourth rows. According to this rule of 
symmetric partitioning only square simple matrix can be 


12 


symmetrically partitioned. We give an example of a 
symmetrically partitioned matrix a,, 


Example 1.1.3: Let 


a; = 


—| N A} w 
ale WO] 


nal oOo MmA!|N 


Here we see that the matrix has been partitioned between 
columns one and two and three and four. It has also been 
partitioned between rows one and two and rows three and four. 


Now we just recall from [19] the method of symmetric 
partitioning of a symmetric simple matrix. 


Example 1.1.4: Let us take a fourth order symmetric matrix and 
partition it between the second and third rows and also between 
the second and third columns. 


Rr D WwW 
NO NLR N 
aI NIB NAN 


SN N[W FB 


We can represent this matrix as a supermatrix with letter 
elements. 


so that 
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ms i | 
a= 
Ay, Any 
The diagonal elements of the supermatrix a are a,; and ay. We 
also observe the matrices a;; and az. are also symmetric 
matrices. 

The non diagonal elements of this supermatrix a are the 
matrices a;2 and ap;. Clearly ap; is the transpose of aj. 

The simple rule about the matrix element of a 
symmetrically partitioned symmetric simple matrix are (1) The 
diagonal submatrices of the supermatrix are all symmetric 
matrices. (2) The matrix elements below the diagonal are the 
transposes of the corresponding elements above the diagonal. 

The forth order supermatrix obtained from a symmetric 
partitioning of a symmetric simple matrix a is as follows. 


How to express that a symmetric matrix has been symmetrically 
partitioned (i) aj; and a‘; are equal. (ii) a\j (i 4 j); aj, = ai and 


a = a,j. Thus the general expression for a symmetrically 


partitioned symmetric matrix; 


ayy a> ai, 
' 
= a 12 Ar) aay 
a= ; 
' ' 
a In a 2n Ann 


If we want to indicate a symmetrically partitioned simple 
diagonal matrix we would write 


14 


0' only represents the order is reversed or transformed. We 
denote ai, = a'j Just the ' means the transpose. 


D will be referred to as the super diagonal matrix. The 
identity matrix 


s, t and r denote the number of rows and columns of the first 
second and third identity matrices respectively (zeros denote 
matrices with zero as all entries). 


Example 1.1.5: We just illustrate a general super diagonal 
matrix d; 


Le., d= ; 
0 m, 


An example of a super diagonal matrix with vector elements is 
given, which can be useful in experimental designs. 
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Example 1.1.6: Let 


Go Oo CO} OoO;o Coo; o Of FF re 
re RP FIL OoOlo oolooroeoo © 


i) 


Here the diagonal elements are only column unit vectors. In 
case of supermatrix [19] has defined the notion of partial 
triangular matrix as a supermatrix. 


Example 1.1.7: Let 


fom 

I 

So N 

Nn —_— 
ran Oe 


u is a partial upper triangular supermatrix. 


Example 1.1.8: Let 


5 0 0 0 0 
7 20 0 0 
1S 2 SOs 20 
L=/4 5 6 7 OO}; 
12 3 26 
123 4 5 
010 1 0 
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L is partial upper triangular matrix partitioned as a supermatrix. 


Thus T = =| where T is the lower triangular submatrix, with 
a 


5 00 0 0 
720 0 0 
23 4 5 
T=/1 2 3 0 O|] anda'= ; 
oO LOT Oo 
4567 0 
t. 2 eG 


We proceed on to define the notion of supervectors i.e., Type I 
column supervector. A simple vector is a vector each of whose 
elements is a scalar. It is nice to see the number of different 
types of supervectors given by [19]. 


Example 1.1.9: Let 


< 
ll 
YN O/B WO Re 


This is a type I 1.e., type one column supervector. 


vi 


Vy 


where each v; is a column subvectors of the column vector v. 
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Type I row supervector is given by the following example. 
Example 1.1.10: v' = [2 3 1 | 5 7 8 4] is a type I row 
supervector. 1.e., v' = [Vv'), V'o, ..., Vin] where each v'; is a row 
subvector; 1 <i<n. 

Next we recall the definition of type II supervectors. 


Type II column supervectors. 


DEFINITION 1.1.1: Let 


a, Ap Gin 
— | 4 Ax Ay 
a — 
an a2 Gam 
ay = [ai Atm| 
ag = [a2 Arm] 
hos +i 
Qa, = [an1 2 Be 
1 
a 
ef 
2 
Le, a. = ; 
1 
a, 


is defined to be the type II column supervector. 


Similarly if 
ay a> Gin 
Fi, Sai 2 _ | m — | Gam 
a= » aA = . prey A = 
Qn a2 Gam 


Hence now a = [a’ a’ ... a], is defined to be the type II row 
Supervector. 
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Clearly 


the equality of supermatrices. 


Example 1.1.11: Let 


3.6 0 4 5 
2 16 3 0 
Poe dL, dj Bed 
0 10 1 0 
26 Oi BS 2S 


where 


— 
— 


3 4 
aii, = 2 1 5 aj2 = 3 
1 2 


: | ay Ay 
i.e., a= 
Az, Any 
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3 6 0 4/5 
2 1 6 3/0 
be | de od) 1) ey ie is 
0 1 0 1/0 Pas + Pag 
20201 201 
where 
3 6 0 4 5 
bi = oe sbys= : > 
| i a De 1 
0 1 0 1 0 
and 


We see that the corresponding scalar elements for matrix a and 
matrix b are identical. Thus two supermatrices are equal if and 
only if their corresponding simple forms are equal. 


Now we give examples of type III supervector for more 
refer [19]. 


20 


Example 1.1.12: 


3 2 1/7 8 
a=|0 2 1/6 9|=[T'la' 
0 0 5}1 2 
and 

2 0 0 
9 4 0 

b=/8 3 6 -|=| 
5 2 9 
4 7 3 


are type III supervectors. 


One interesting and common example of a type III supervector 
is a prediction data matrix having both predictor and criterion 
attributes. 

The next interesting notion about supermatrix is its 
transpose. First we illustrate this by an example before we give 
the general case. 


Example 1.1.13: Let 


2 1 3 
0 2 0 
| oe Ieee 
ae" |.2. 2 <0 
5 6 1 
2 0 0 
1 0 1 
Ay, Any 
Ay, Ar. 
Az, Az. 
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where 


2. A’ 23 5 6 
ai) = 0 2 0 5 aj2 = 1 1 , 
t 4. A 0 2 


pee) 
coin 

II 

Ow — 
So NU 
= 
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/ / / 
a a ke a>) a 
’ ’ ’ * 
Ain An, zy 


Now we describe the general case. Let 


ayy ai» Ain 

a>) Ar Aon 
a = : F i 

ani ano am 


be a n X m supermatrix. The transpose of the supermatrix a 
denoted by 


11 a>) nl 
’ ’ ’ 
1 ai» Ar, ano 
a= i 
' ’ ’ 
Aim Aon ia aim 


a' is a m by n supermatrix obtained by taking the transpose of 
each element 1.e., the submatrices of a. 
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Now we will find the transpose of a symmetrically partitioned 


symmetric simple matrix. Let a be the symmetrically partitioned 
symmetric simple matrix. 


Let a be am X m symmetric supermatrix 1.e., 


ai) a>) ml 

= ai Ar, m2 
a F 

Ain Aom Ainm 


the transpose of the supermatrix is given by a’ 


ai Gy Gy 


te Bij agg S80 MCAp 


’ ’ 
Aim Aon as a 


mm 


The diagonal matrix a,; are symmetric matrices so are unaltered 
by transposition. Hence 


! — ! — ! — 
411 — 441, 222 = 422, ...5 Amm — Amm- 


Recall also the transpose of a transpose is the original matrix. 
Therefore 


(a'i2)' = aya, (a'13)' = 13, --., (a')' = aij. 


Thus the transpose of supermatrix constructed by 
symmetrically partitioned symmetric simple matrix a of a' is 
given by 


ai, AyD Ain 
/ 
ie: Ax, And Iam 
' / 
Aim Aon A inm 
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Thus a =a’, 
Similarly transpose of a symmetrically partitioned diagonal 
matrix is simply the original diagonal supermatrix itself; 


Le., if 


d, 
d, 


d') = di, d'5 = d> etc. Thus D = D'. 
Now we see the transpose ofa type I supervector. 


Example 1.1.14: Let 


= WAIN Nn BIN FH W 


The transpose of V denoted by V' or V' is 


V’=[312|457|5 1. 


ZS 


If 


where 


Thus if 


then 


Example 1.1.15: Let 


oN OS 
i) 


=[T | a ]. The transpose of t 


—_ ee CO WwW 
- oO WM $F 
or CO KF 


NO WN 
Nn Ww 
no 
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The addition of supermatrices may not be always be defined. 


Example 1.1.16: For instance let 


and 


where 


It is clear both a and b are second order square supermatrices 
but here we cannot add together the corresponding matrix 
elements of a and b because the submatrices do not have the 


same order. 


Now we proceed onto recall the definition of minor product 


of two supervectors. 


Suppose 
Va, Vb, 
v= ae andv,=| ™ 
Vv, Vs, 


ZY 


The minor product of these two supervectors v, and vp is given 
by 


— ,,/ ’ ’ 
- Va VG, PN Nay, EAR 2 Nag ; 


We illustrate this by the following example. 


Example 1.1.17: Let V, and V, be two type I supervectors 
where 


V,, 
Va | Ne; 
Va, 
with 
4 
0) 
0 1 
v, =|1 |, va. = and v, = 
1 2 1 3 y) 
2 
—| 
Let 
Vy, 
Vb Vo, 
Vs, 
where 
—4 
1 
1 ae = 
Vv, = oe and v, = 
b, by p) bs 1 
) 
0 
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Vb, 
ee AV Ve ce VeVi Vie 
4 
1 I 
= [o 1 2)/-1]+[4 0 1 -I}, [ef a 
0 
0 


= ofPelot2)+Cl 2) 
—-1-16+2-1+2 
= -14. 


It is easily proved V', Vp = V'bVa. 

Now we proceed on to recall the definition of major product 
of type I supervectors. 

Suppose 


be any two supervectors of type I. The major product is defined 
as 
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vs 


Va, 


Va 


’ ’ 
1 vj Va, Vb; Vai Vy 
’ ’ ’ 

Vb, Va, Vb, Vas Ma 
’ ’ ’ 
Vy, Va, Yb, Vv. Vb 


Now we illustrate this by the following example. 


Example 1.1.18: Let 


Vy, 
My 
1 Vv, 
Va=|V,, | and V,=]  ° 
Vy 
V, . 
3 Vp, 
where 
1 
Vi. = 2) Ve. -| | and v, =| 2 
0 
and 
p 
> 
1 4 
Vv, =| 1]. Vs, = : » Vv, = e and v, =[5] 
2 
0 
2 
—l 
VaV'o= |= [3 1 2|1 2/3 4 -1 0|5] 
2 
0 
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We leave it for the reader to verify that (V, V',)' = Vb V'a.- 
Example 1.1.19: We just recall if 


3 
v=|4 
7 


is a column vector and v' the transpose of v is a row vector then 
we have 


3 
viv=[3 4 7]|4 
7 
=3° +4 +7 = 74. 
Thus if 
V', = [K1 Xo... Xn] 


eal 


Vv‘. Vx a [xy XP vse Xn| 


Also 
xX, 
X, 
[l1...1]] 2 | =[ki+x2+...+x,] 
xX, 
and 
1 
1 
[x] Xz... Xn] aie begets oe ors 
1 
Le., I'v, =Vv'l = oe 
where 
xX, 
X4 
Vx = 5 
xX, 
and 


DS a 


We have the following types of products defined. 
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Example 1.1.20: We have 


and 


Recall 


we have 


and 


[0100] 


[0100] 


[0100] 


[1 0 0]= 


oO oF Oo 


-.. osnn.) . aml 


oo Oo KF 


Tian, 2) ol 


ee 


oOo oF Oo 
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oo Oo OS 


oo a ee) 


(1) 


(2) 


Now transpose of 


is given by the equation 


a =| i) @,)~ (a3) | 


(a')’ 
Fee) 
(a")y' |, 
The matrix 
Bi, bis b,, 


row supervector of b is 
b=[b, by... b,j: =[b' b*... b},. 


Column supervector of b is 


Transpose of b; 
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b 
ee 
‘ 


b'= [b, b> sis bis. 


The product of two matrices as a minor product of type II 
supervector. 


= | a,b; +a,b, +...+a,} | , 


ns 
How ever to make this point clear we give an example. 


Example 1.1.21: Let 


and 


2 l 
ab=|3|[1 2]+|/5|[3 1] 
6 1 
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It is easily verified that if the major product of the type II 
supervector is computed between a and b, then the major 
product coincides with the minor product. From the above 


example. 


We can find the minor and major product of supervectors by 
reversing the order of the factors. 
multiplication of supermatrices involves lots of notations we 
have resolved to explain these concepts by working out these 
concepts with numerical illustrations, which we feel is easy for 


2 4 a: 


Ss leor VOI LS: DS 
6 12 a: J 
ou) 
= (48: 11 
oe as 


2x1l+1x3 2x2+I1x1 
3x1+5x3 3x24+5x1 
6x14+1x3 6x2+4+I1xl 

5. 3 

=/18 11 

9 13 
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Since the theory of 


the grasp of the reader. Now we give the numerical illustration 
of the minor product of Type III vectors. 


Example 1.1.22: Let 


N 

WwW 
es 
= 
SoON 
orn 


and 


0 2 


be two type III supervectors. To find the product XY. 


2: 
i a 
Of: Bia Oe Oye 
aa 
RYH | Sb. 1 tts Oe) 
5 3 
0 0|2]/-4 0 0 
i 
0 2 
2 2 2 Oils: 3 
2 0 
“fait ffl depo aff 
0 0 2 -4 0 0//0 2 


Sak: Tae ie Peel) 5 


oy 


=| 6 7 
-16 -10 
2 -1 0 
a 0 
a dee 1 | 4 1 2 
0 1{1]/3 -1 2)/2 1 -4 
2 0 
2. A 


ZF Oy S16 
15 7 -10] 
From this example it is very clear. 


(XY)'=Y'X' 


Now we illustrate the minor product moment of type III row 
supervector by an example. 


Example 1.1.23: Let 
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Consider 


2 1 2 
3 4 1 
2 Bel AL 3: 4+ SO) 4 1. 2 
KS has Ae a Si 6413" Ae uo 
214/2}/0 2 1 1)/4 1 2 
5 =1 1 
0 6 1 
2 3 
ef 2 
=|1 4 +/1|[4 1 2]+ 
3 4 1 
pina 
3 1 0 
3 4 5 0 
a 2 
Ly WD Sh 2G 
5 =1 1 
02 1 
Oe: x6. “1 
13 14 16 4 8] [50 2 13 
=|14 17 6]+]/4 1 2]|4+)2 39 7 


= 1:20 -S7- TS. 
28, 1d 15 


Minor product of Type III column supervector is illustrated by 
the following example. 


Example 1.1.24: Let 
ga eee Se EO A 2. oD) ape 
0 1542/0 3 0 1 O 
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where Y is the column supervector 


23 1;0/1 2 1 5 I} |— 
20° 3-00 WO 


— Ce NO 
or OW O&O 


14 8 A 0 0 32 11 46 19 
= + = 
8 26 0 4 11 10 19 40 
Next we proceed on to illustrate the major product of Type II 


vectors. 


Example 1.1.25: Let 


3 1 6 

2. SO.) 

2. 3 
»< —H 

6 3 0 

4 2 1 

5 1 -l 


and 
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Se <} 
Na 
YON — OM 
nO - © 
lI 
> 


pe 
or yf) 
NN 
mW aM 
no —- © 
jo a 

aT 


rs | 
oun Ty 
aA 4 
ot Ww 


ro) 
= aAIWUlon + 
| 

(ove) — 
tT Rom an 
faa) = ION NN 

S| 
Se ee 


Now minor product of type IV vector is illustrated by the 


following example. 
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Example 1.1.26: Let 


and 


42 


[1101/312]12]+ 


N CO 
=a MN 
oN 


Id 
2° 1 


P22 0) Doh 0: 1 
0 1 1 O;1 1 O 


[4][3 1 2] 


[4]f1 10 4 
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44 


5 4/10 8 3)5 7 


1 


9 


oN 
loa) 
N 
= 
) 
Sal 
laa) 
.o 


2 As OD 2 Dee ee 


OoOmM|HN tM ~~ 
N we loa we oO — 
anla adn +|s 
ij) loa) 
S coln 4 oc _ 
ij) 
S09. | Soy. 60 N 
ON wztIlo co wo -” 
a Se lS NS N 
ij) 
Srin oo = 
Oo NIo wm \oO 
loa) 
— Ion & co 
a) jan) foe) 
nee 8 ae onde os _ 


We now illustrate minor product moment of type IV row vector 


Example 1.1.27: Let 


45 


[E223 a2) 


SS Sd 
= ANIMA NM TIN 
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II 
BIN DN NIN W 


1 1 2 2 
2 24 4 
3 1 2 2 
1 +|2 4 4 
2 3 6 6 
1 4 8 8 
2 2 4 4 


11 21/19 12 27 16) 35 


The minor product moment of type IV column 
vector is illustrated for the same X just given in case of row 
product. 
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Example 1.1.28: Let 


re 


AN ma AIM COIN 
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36 11 8 | 27 12 | 30 
ll 6 5/14 5 | 13 


27 14 14) 45 
12. 2D Gi 12 
30 13 10 | 30 


Now we proceed on to illustrate the major product of type IV 
vectors 


Example 1.1.29: Let 


-—- Oo NO FF W 
oF OF KF N 


BR NO RS WO NO 


eal 


and 


a Diese Te 
Ie A) he GY ees ee 
pes} OP Oh dO) I 2 
i th SO. Os) fees ate, the. De 
2205 hs A ae Se) Ne ae 8D 
01 01] |1 1] |1 -1 0 


Now we find the major product of XY. The product of the first 
row of X with first column of Y gives 


—- Oo F|Itre CO; 
oO FF O;]OoO NIN 
= S&S O]wWwW Ble 


etd 2% ol 2 Ay fe: Ad SA 2D 
= + + 
SSO: 3 1} 2. 2 10 44 1 2 


ll 
ra | 
Co NN 
Oo DD 
\o © 
—= — 
aA wn 
ee | 


a2 


Now 


‘eae tag 
[e] 


Consider the product of first row with the 3™ column. 


m= NO!lNO —|— 
GDN Fl Re FI! oO 
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_[20 6 8 
21 14 8]. 


The product of 2"' row of X with first column of Y gives 


ine ce | 
itis 30/8 ie P| he Da 
>a es as eae a Ce as ec 
F140. 4 ONT 1-00) 
4/2 4/1 0 olf1 011 
0101 
1 1 3 fy) at 
2 Paes 201]! 
[1 1 2 1+ | 1 
4 2][0 1 0 3} jo 1 of, 
4 2 4 1 0 0 
ie Oy.) (hk: Ss AB) TOs On BD 
piped ee As Da) ae Ale re 1S) ee Be nOh 
“13 36 3/1428 22/11 011 
4 4 8 4] |2 4 4 20] J1 10 0 
46 5 16 
_|7 6 10 18 
18 5 15 26 
PO 12. DA 


The product of 3" row of X with the 3" column of Y. 
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—_—- Oo — 


oF O&O 


= —- © 


3.) ae 20 
A, Se “i, 
1 Ot 
Ae 
Pies Va 
2 M2 
1 -1 0 
1 2 1 
4 11 
= [5][3 1 o]+[0 3 fet a 1 2 
1 -1 0 


= [1550]+[121]+[423] 
= [209 4]. 


The product of second row of X with second column of Y. 


2 ol 
1/1 371 1 #143 =1 
213 1/2 0 I1]11 0 
3.) 4 22) Oo 1 OW. A 
4|2 4/1 0 O}]1 2 
ie 
1 1 3 fe. eT 
2 
ei) 2 ae | ee Zee sh 
= [2 I]+ 4: te (2 
3 4 2\)1 0 0 1 0 fy 
4 2 4 1 0 0 
2. i 6 1 4 4 
4 2 10 3 5-3 
= rs ns 
6 3 14 4 t, 2 
8 4 10 2 2 


BS, 


The product of the 2" row with the last column of Y. 


29> 12.8 


257 16: 7 
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The product of 3" row of X with 1“ column of Y 


Tt, DF ui 
102 4 
010 3 
Ce ears ia 
10411 
0101 


1 <0" 2) A 
[S][1 1 2 1]+[0 il, i st 1 1} 1 
0 


=[55105]+[0103]+[2212] 
=[7811 10]. 


The product of 3“ row of X with 2™ column of Y. 


[5,0 1]1 1 1}/——]= 


= NO —_— 


3 1 i 
[5] [2 1] + [0 1] F |e 1 1}/1 
1 


[10 5]+[l 0]+[4 4] 
[15 9]. 


II 


a7 


1 
0 
1 


or Oo 


et Ot 2 8S: 


6 6 17|16 11}20 6 8 
8 8 15 |}19 10/21 14 8 
4 6 16/12 6/14 10 7 
XY=|7 6 10 18/19 8 |22 10 6 
Oe 2: AD: O26.) 20. 8D | 20: 128 
Po -Gee V2 2420. OP 2d, debe CF 
7.801) 10) 1S) 9 20° 9: 4 


7x9 


On similar lines we can find the transpose of major product of 
Type IV vectors. 


Now we proceed on to just show the major product moment 
of a type IV vector. 


Example 1.1.30: Suppose 


1 Oe Be Ds, A 
aie ea ge a 
eel 

SA 23 o a 
Pe Di Be 8 
2 ee alee 
Pt Sle 3 


and 
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Product of 1* row of X' with 1“ column of X 


Whig es ta pee ed oe 27s amy es tl 
=a NI TN MIN 


a 

oY N 

—— i 
eC 

log) N 
— 

nN eee 

a FNM 

+ (| 
laa) 

ee 

os N 

N 
w+ 

ee 

— 
ee 
— 
+ 
ree | + 
“4 N + 
— Oo 
N laa) 

+ x 

3 mon 
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Product of 1 row of X' with 2™ column of X. 


| 

3 1 

4 2 

[1 2|1 4 2 3]2]]1 3 

3 2 

4 1 

2 
4 2 
I 1 3 

= i 2) +t 42 3]), 5-20 2] 

4 1 


[8 3] +[26 21] +[2 4] 
= [36 28]. 


The product of 1‘ row of X' with 3 column of X. 


3 21 
mA 
3 2 2 
[ty Dade Ae D> 3-]2) |2: Be 
2.3 
1 4 2 
a ae 
322 
= 241 2 A 
= [I alk ; |e 423), , ,F2PI2 | 3] 
1 4 2 
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II 


[745]+[20 22 18]+[4 2 6] 


II 


[31 28 29]. 


The product of 2™ row of X' with 1 column of X. 


D2 Sao Ly Oy Add 
|W Ses ey ame | (Be 


NIwWw NY BB RIN 


~ [halle 3 2 3h La el 
al lal LaLa) 


The product of 2"! row of X' with 2" column of X. 


Ww WN 
= — 


2 3/4 1 3 44) 1 
Bee Ae a, AU 


aes 
pe NO W WN 


— 
N 
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= 2 oe Wea is And 3A 
| |e ham De ee We NS 
4 
13° 3 42 21 be 32 
= + + 
S 2 21 18 2:4 


56 28 
28 24| 


The product of 2™ row of X' with 3“ column of X. 


aa 2] 


pe NO W NN 


B92 

3 |; 13 4 HE a. 4 
fe iD Be De Tio sock 
1 4-2 

o i 3 


a. 2? 
2 Ny es “OL An (fo 3. Awa Pd 1 
= ee a: [2-13] 
Lo Lia Lt 2 2 3 2. VANES 2 3 2 
{4.2 


12 7 8 27 31 26 e 2h 3 
= + 
2 ee as, 19 15 15 4 2 6 


7 41 39 37 
28 20 24] 
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The product of 3" row of X' with 1“ column of X. 


I 
2 
Boa? BS aa 
2 1/2 2 24/74 
Oe B28. DAB 
3 
2 


a 20 4 a 
= |4)+4) 22)+|2)=) 28). 
> 18 6 29 


The product of 3“ row of X' with 2" column of X. 


| 
3 1 
Be Ou Bs Oe Ay Mola 2 
o 1/2 4-9 4\ala 3 
PG) te Be Gees 2 
4 1 
Lo 


Iz 5 27. 19 a 


41 28 


37 24 
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The product 3™ row of X' with 3“ column of X. 


a 2) 
2. de 2 
a? Dalar. 2 Ee teat ze 2 
2. NP ed 4/1]}2 1 1 
Be Deke he SBE De Bey ae we 
1 4 2 
Zz Le 3 


13.8 7 Zo: ‘ds: 9 4 2 6 
= Oo de EELS: 2d: TO ee SS 
oD. AD 19 19 18 6 3 9 


40 28 32 
=. 128-31 261. 
32 26 32 


29 |37 24)|32 26 32 


On similar lines interested reader can find the major product 
moment of type IV column vector. 


1.2 Bimatrices and their Generalizations 


In this section we recall some of the basic properties of 
bimatrices and their generalizations which will be useful for us 
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in the definition of linear bicodes and linear n-codes 
respectively. 

In this section we recall the notion of bimatrix and illustrate 
them with examples and define some of basic operations on 
them. 


DEFINITION 1.2.1: 4 bimatrix Az is defined as the union of two 
rectangular array of numbers A; and Az arranged into rows and 
columns. It is written as follows Ag = A; U Az where A; # A> 
with 


a, Ay Qn 
a. a, a, 

A; = 21 22 2n 
1 1 1 

ant an2 Ginn 

and 

2 2 2 

a, Ap Ny, 
a a a 
21 22 2 

A> = 7 
2 2 2 

ant and Gin 


‘UL is just the notational convenience (symbol) only. 


The above array is called a m by n bimatrix (written as 
B(m x n) since each of Aj (i = 1, 2) has m rows and n columns). 
It is to be noted a bimatrix has no numerical value associated 
with it. It is only a convenient way of representing a pair of 
array of numbers. 


Note: If A; = A, then Ag = A; U A> is not a bimatrix. A 
bimatrix Ag is denoted by (a;,) U (a;,) . If both A; and A, are m 


x n matrices then the bimatrix Ax is called the m x n rectangular 
bimatrix. 
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But we make an assumption the zero bimatrix is a union of 
two zero matrices even if A, and A, are one and the same; i.e., 
Ay = A> = (0). 


Example 1.2.1: The following are bimatrices 


3 0 1 Q 2 =1 
1. Az = U 
2 2 : F I | 


is arectangular 2 x 3 bimatrix. 


3 0 
il. A‘, =|l]u ]-l 
2 0 
is a column bimatrix. 
ili. A", = (3, -2, 0, 1, 1) UC, 1, -1, 1, 2) 
is a row bimatrix. 


In a bimatrix Ag = A; UA) if both A, and A, are m x n 
rectangular matrices then the bimatrix Ag is called the 
rectangular m x n bimatrix. 


DEFINITION 1.2.2: Let Ag = A; UA be a bimatrix. If both A, 
and Az are square matrices then Ag is called the square 
bimatrix. 

If one of the matrices in the bimatrix Ag = A; U A2 is a 
square matrix and other is a rectangular matrix or if both A 
and A; are rectangular matrices say m; Xn; and mz X n2 with m; 
AM) or n; #N2 then we say Az, is a mixed bimatrix. 


The following are examples of a square bimatrix and the mixed 
bimatrix. 
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Example 1.2.2: Given 


1 1 0 0 2 0 0 -l 
2, Qe i lL -1 0 
A'p = U 
00 0 3 0 -l 0 
IO 1b 2 -3 —2 0 
is a4 x 4 square bimatrix. 
Example 1.2.3: Let 
3 0 1 2 
Lt 2 
001 1 
Ag = U}0O 2 1 
2 10 0 
00 4 
1 01 0 


then Ag is a mixed square bimatrix. 
Let 


A’, is a mixed bimatrix. 


Now we proceed on to give the operations on bimatrices. 
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Let Ap = A; U Ad and Cg = C; U Cz be two bimatrices we 
say Ag and Cx are equal written as Ag = Cg if and only if A, and 
C, are identical and A> and C; are identical 1.e., A; = C; and A> 
= Co. 

If Ag = A, U Ag and Cg = C; U Cy, we say Ag is not equal 
to Cg, we write Ag # Cg if and only if A; # C; or Ap # Cy. 


Example 1.2.4: Let 


and 


clearly Ag # Cg. 
If Ap = Cp then we have Cp = Ag. 


We now proceed on to define multiplication by a scalar. 
Given a bimatrix Ag = A; U B, and a scalar A, the product of A 
and Ag written ’ Ap is defined to be 


In 


ha abe Nae Ab, ov Ab 


AAR —e U 
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each element of A; and B, are multiplied by A. The product A 
Ag is then another bimatrix having m rows and n columns if Ag 
has m rows and n columns. 


We write 
AAn = — [aa,]U[Ab, | 
= [aa Jub, ] 
= Aga. 


Example 1.2.5: Let 


and A» = 3 then 
6 0 3 0 3 -3 
3Ap = U 
9 9 -3 6 3 O 
If A =— 2 for 
Ap = [3 12-4] U [01-1 0], 
AAp - [-6 —2 -4 8] U [0 —2 2 0]. 


Let Ap = A; U B, and Cg = Ay U Bp» be any two m x n 
bimatrices. The sum Dg, of the bimatrices Ag and Cg is defined 
as Dg = Ap + Cp = [A; U B,] + [A> U Bo] = (A; + Ad) U [B, + 
Bo]; where A; + A» and B; + By are the usual addition of 
matrices 1.e., if 


and 


then 
Ag+ Cg=Ds= (ai +a;) U (bi +b;) (Vij). 


If we write in detail 
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Azg= : U : 
1 1 1 1 
aml Finn bat bin 
2 ) 2 2 
ay ain bi, bi, 
Ca= ake a 
2 p 2 2 
aint Aion Loe Dace 
Ag + Cg = 
1 2 1 2 1 2 1 2 
a, +a), Ain tin lores rT bi Dg 
: U : 
a tac, ata. bi, +b2, bi, +b. 
The expression is abbreviated to 
Dg = Ag + Cg 
= (A, U B;) ar (Ad U B>) 
= (Ay TF A») U (By + B,). 


Thus two bimatrices are added by adding the corresponding 
elements only when compatibility of usual matrix addition 
exists. 


Note: If Ag = A’ U A’ be a bimatrix we call A! and A’ as the 
components of Ag or component matrices of the bimatrix Ag. 


Example 1.2.6: 
(1) Let 
3 1 1 4 0 -l 
Ap = U 
fe 0 : pe 1 z 
and 
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then, 


a i 2 7 3 =O 
— WU) 
21 0 3 -3 
(11) Let 
Ag =(32-101)U(0110-1) 
and 


Cg=11111)UG6-1203), 


Apt Cp=(43012)U(50302). 


Example 1.2.7: Let 


6 -l re | 
Ap={|2 2}]U]0O 2 
—] -1 3 
and 
2 -4 1 4 
C= a Ae fa ee 
0 3 «1 
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2 2 —2 6 
4 -8 2 8 
Cpat+Cg=/]8 —2}| U4 2| =2C, 
6 0 6 2 
Similarly we can add 
18 -3 eae 
Ap + Ap t+ Ap = 3Ap = 6 6 U 0 6}. 

3°. =3 39 


Note: Addition of bimatrices are defined if and only if both the 
bimatrices are m x n bimatrices. 


Let 
3 0 1 1 1 1 
Agp= U 
| 2 | F 2 2 
and 
3 1 1 1 
Cp=/2 1/Us]2 -1}. 
0 0 3 0 


The addition of Ag with Cg is not defined for Ag is a 2 x 3 
bimatrix where as Cg is a 3 x 2 bimatrix. 

Clearly Ag + Cg = Cg + Ag when both Ag and Cg are m x n 
matrices. 

Also if Ag, Cp, Dg be any three m x n bimatrices then Ag + 
(Cg + Dg) = (Ag + Cp) + Dp. 
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Subtraction is defined in terms of operations already considered 
for if 


Ap = Ay U Ad 
and 
Bp = B; UB> 
then 
Ap — Bg = Ap + (—Bs) 
= (A; U A2 ) + (—B; U-B2) 
= (A; — B; ) U (A2 — Bp) 
= [Ai + (—B,)] U [A> + (-By)]. 
Example 1.2.8: 
i. Let 
3 1 5 —2 
Ap=/-l 2} U]}]1 1 
0 3 3-2 
and 
8 —-l 9 2 
Bp 4 2/;/U0U;2 9 
-1 3 -l1 | 


3 1 SZ 8 —-l Oe) ae 
Sash 2). 1 ea De de SD 
0 3 2 = 3 ai) 

3 1 8 -l  =2 9 

ie cae Oe iad 
0 3 ay) a 2 || l2 od 
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ii. Let 
Ap = (1, 2,3,-1,2,1)U@G,-I, 2, 0,3, 1) 

and 
Bp = (-l,1,1,1,1,0)U@Q, 0, -2, 0, 3, 0) 

then 
Ag+(—Bg) =~ (2, 1, 2,-2, 1, 1) UC, -1, 4, 0, 0, 1). 


Now we have defined addition and subtraction of bimatrices. 
Unlike in matrices we cannot say if we add two bimatrices the 
sum will be a bimatrix. 


Now we proceed onto define the notion of n-matrices. 
DEFINITION 1.2.3: 4 n matrix A is defined to be the union of n 


rectangular array of numbers A}, ..., A, arranged into rows and 
columns. It is written as A= A; U... A, where A; 4A; with 


I I 1 
Gi Gg; are Oe 
i i i 
x Ay, Ay +. Ay, 
1 . . . 
i i i 
Gg Magy. es Op 


'U" is just the notional convenience (symbol) only (n = 3). 


Note: If n = 2 we get the bimatrix. 
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Example 1.2.9: Let 
3 1 0 1 2141 0 
A= U 
F 0 1 ‘ S 1 1 0 


1 00 1 5 1 0 2 
U 
01 01 7 -1 0 3 
A is a 4-matrix. 


Example 1.2.10: Let 


A=A,UA,UA3U AAU As 


2 3 1 
= [100)U J-1] U jo 1 
0 7 

0 
7 9 8 
213 5 1 -2 0 
qe eae: 
-4 -6 6 


A is a 5-matrix. Infact A is a mixed 5-matrix. 


Example 1.2.11: Consider the 7-matrix 


Ju 
| 


\o 
Re CO NY © 


a= [alee alefe a] 


TS 


U Az. Ais a mixed 7-matrix. 


A,;UADU... 
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Chapter Two 


SUPERBIMATRICES AND THEIR 
PROPERTIES 


In this chapter we introduce the notion of superbimatrices and 
explain some of its properties. We also give the type of products 
defined on them. Also the notion of semi superbimatrices and 
symmetric semi superbimatrices are introduced. 


DEFINITION 2.1: Let A; and A> be any two supermatrices, we 
call A = A; UA> to be a superbimatrix; ‘U” is just the symbol. 


Note: Further if A; = A>, as non partitioned matrices then they 
must have distinct partitions. If A; = A and they have the same 
set of partitions then we don’t call A = A; U A, to be a 
superbimatrix. 


We first illustrate this by the following examples. 


Example 2.1: Let 
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and 


Ao = 


— MWl|Nno —_— 
Se NO|]|OoO 
oO FIN O&O 
_—- O10 —_ 
NO nl © 


be any two supermatrices A = A; U A> is a superbimatrix. 


1 101 0 
3. LO. 2 
2 0 2-0 1 
A=/1 1/6 O}U 
Sa Oe S 
0 1;0 -l 
1 al .Q> 1 2 
is a Superbimatrix. 
Example 2.2: Let 
3 O;1 2 
0 1/0 3 
A, = 
A edie - <2 
0 0;2 -l 


and 


be two supermatrices. A = A; U A, is a superbimatrix. We see 
clearly A, and A, are identical but only the partition on A, and 
A, is different. Hence A is a superbimatrix. 


Example 2.3: Let 


3/0 1 
Aga 2b oI 
2 0 
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and 


Clearly A = A; U A> is not a superbimatrix. 
Example 2.4: Let A = A; U A; be a superbimatrix where 


A, =[3012]112]15] 
and 


Example 2.5: Let A = A; U A> where A; = [3101/5023 1] 
and A,=[301]220531]|01 1]. A is a superbimatrix in 
which we see both A; and A, are row supermatrices. 


Example 2.6: Let A = A; U A, where 


3 
1 

0 
2 

2 
a 3 
A, = and A> = | 4 

10 
a 
=| ee 
6 

e) 
7 

4 


are two super column matrices. Then A is a superbimatrix. 
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Example 2.7: Let A = A; U A, where A, = [3 1 | 2 05] and 


be two supermatrices. Clearly A = A; U Ay) is not a super 
column bimatrix or a super row bimatrix. 


Now we have seen several examples of superbimatrices and we 
see each of them is of a specific type, so now we proceed on to 
define them. 


DEFINITION 2.2: Let A = A; UA? where A; = [aj; | aj2 |... | Ain] 

and Az = [a2 22 A23 | A24 ... A2zm] are both distinct super row 

matrices. Then we define A = A; U Az to be a super row 

bimatrix. 

The superbimatrix given in example 2.5 is a super row bimatrix. 
Now we proceed onto define the notion of super column 


bimatrix. 


DEFINITION 2.3: Let A = A; U A> where both A; and A> distinct 
column supermatrices, 


= 1 
a a) 
1 


and 
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= 2 
Ap= a, . 


A is a superbimatrix which we define as the super column 
bimatrix or a column superbimatrix. 


The superbimatrix given in example 2.6 is a super column 
bimatrix. 
Now we proceed onto define square superbimatrix. 


DEFINITION 2.4: Let A = A; UA be a superbimatrix. If both A, 
and A) are distinct m x m square supermatrices then we call A 
= A; UA> to be a square superbimatrix. 


The superbimatrix given in example 2.2 is a _ square 
superbimatrix or to be more specific A is a 4 x 4 is square 
superbimatrix. 


Note: If in the square supermatrix A = A; U A: if we have A, to 
be a m xX m square supermatrix and A, to be a n x n square 
supermatrix (m # n) then we call A = A; U A; to be a mixed 
square superbimatrix. 

We now illustrate this by a simple example. 


Example 2.8: Let A = A; U A, where 
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and 


both A; and A are square supermatrices of different order. Thus 
A=A,U Aj) is a mixed square superbimatrix. 


Now we proceed onto define rectangular superbimatrix and 
mixed rectangular superbimatrix. 


DEFINITION 2.5: Let A = A; UA: if both A, and A; are distinct 
m xn rectangular superbimatrices then we define A = A; UA? 
to be a rectangular superbimatrix. If A; is am, xn, rectangular 
supermatrix and A> is a mz X nz rectangular supermatrix with 
m, #Mp> (or n; # Nz) then we call A = A; UA; to be a mixed 
rectangular superbimatrix. 


The example 2.1 is a superbimatrix which is a mixed 
rectangular superbimatrix. 

Now we proceed onto give an example of a rectangular 
superbimatrix. 


Example 2.9: Let A = A; U A» where 


a Oo Ss @ 
a [Lo 212 1 
101 0/1 0 
2111/01 

and 
1 110° 00 
t. O0r- 1 OF 
~=lo 510 01 0 
a GS: Ds 1:20 
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be any two rectangular supermatrices of same order i.e., both A, 
and A, are 4 x 6 supermatrices. We define A = A; U A; to be a 
rectangular superbimatrix of 4 x 6 order. 

Now lastly we proceed onto define the notion of mixed 
superbimatrix. 


DEFINITION 2.6: Let A = A; U Az where A; and A) are 
supermatrices if A, is a square supermatrix and A) is a 
rectangular supermatrix then we define A = A; U Az to be a 
mixed superbimatrix. 


The superbimatrix given in all the examples is not a mixed 
superbimatrix. So now we proceed onto give an example of the 


same. 


Example 2.10: Let A = A; U A, where 


3 LO 25 
1 0/1 1 2 
A;=]2 1/0 5 1 
Se WS 42. 
3 2}0 0 3 
and 
Ao = 


are two supermatrices where A, is a 5 x 5 square supermatrix 
and A, is a 4 x 6 rectangular supermatrix. Then A = A; U Az is 
a mixed superbimatrix. 


Now having seen examples and definitions of several types of 


superbimatrices now we proceed onto define operations on them 
and the conditions under which operations are defined on them. 
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We first illustrate by some examples before we abstractly 
define those concepts. 


Example 2.11: Let A = A; U A» and B = B; U By be two 
superbimatrices. Suppose 


3 O}1 
A=A,UA2=[312/0151]U 
2 1/]1 
and 


0 Oj 1 
B=B,UB,=[0-10/10-15]U 
—2 0|5 


Then we can define biaddition of the superbimatrices A and B. 
A+B = (A; U Ad) + (By U Bo) 


= (Ay st B;) U (Ad am B2) 
= [312/015 1]+[0-10]10-15] 


3° 05/1 0 Of] 
U ar : 
BTN) oad: OES 
3 O12 
= [302]1146] u 
0 1/6 


We see both A and B are mixed superbimatrices and A + B is 
also a mixed superbimatrix of the same type. 


Now we give yet another example. 


Example 2.12: Let A and B be any two superbimatrices where 


0 1 
A=A,;UA2=[311]2]U Ea 
and 


0} 1 
B=B,UB,=[3/112]U ; 
uaepiigy (|! 
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Clearly A + B cannot be defined for A; and B, though are 
the supermatrices they enjoy different partitions. Similarly we 
see B. and A, are supermatrices yet on them are defined 
different partitions so addition of them cannot be defined. Thus 
we see unlike matrices of same order can be added; in case of 
supermatrices for addition to be compatible we need the 
matrices should be of same order and also they should have the 
same partition defined on them. 


Now we proceed on to define addition of superbimatrices. 


DEFINITION 2.7: Let A = A; UA; and B = B; UB, be any two 
superbimatrices. For their addition A + B to be defined we 
demand the following conditions to be satisfied. 


1. A, and B,; should be supermatrices of same order and 
the partition on A; and B; must be the same or identical 
then alone A, + B, is defined. 


2. Az and B, should be supermatrices of the same order 
and the partitions on A; and B, must be identical then 
alone the sum of A> and B, can be defined. 


Thus when A = A; UAz and B = B,; UB> the sum of A and B is 
defined to be 
A+B = (A; UA) + (B, UB) 
a (A; + By) U (A> + Bo). 


Thus only when all the above condition are satisfied we have 
the sum or addition of two superbimatrices to be defined and 
existing. 


Note: If A = A, U Az is a superbimatrix then we have 
Ace A = (A; U Ag) + (Ay U Ad) 
= (Ay + Aj) U (Az + Ad) 
is always defined and 
At+A = (A, +A))U (Az + Ad) 
=. 2A, U 2A. 
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Thus A+...+A =nA=nA, U nA». 
ue“ 


n-—times 


Example 2.13: Let 


be a mixed rectangular superbimatrix. 


At+A = (A; U Ad) + (Ay U Ad) 
(Ay oe Aj) U (Ay = A») 


II 
me 


2 
O| + 
5 


-) 


2 
0 
5 
Z 


— 


— 


2A, U 2A». 
Thus8A = 8A,U 8A; 


24 | 16 
= 8 | O} U 
0 | 40 
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Now addition of mixed square superbimatrices, mixed 
column superbimatrices etc., can be defined in a similar way, 
provided they enjoy the same order and identical partition. 


Example 2.14: Let 


A=A,U A) 
S|; oo ke 2 
3 1/0 O 
0;0 5 -l 
= Ull O] 1 
BNO LT 2 
3 0/1 1 
O;1 0 1 
and 
1 1 -2 
= 10 3 
1 0 1 


be two mixed superbimatrices. 
A+B=(A, U Ao) + (By U Bp) 


= (A, = B,) U (Az + B>) 


1 
s) 
1 
0 
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Now we have to define the transpose of a superbimatrix A = 
Ay U Ao. 


DEFINITION 2.8: Let A = A; U A> be any superbimatrix. The 
transpose of the superbimatrix A denoted by A’ is defined to be 
A’ = (A; U Ax" = A’ UA). Clearly the transpose of a 
superbimatrix is again a superbimatrix. If A is a mixed 
rectangular superbimatrix then its transpose, A’ will also be a 
mixed rectangular superbimatrix. 


It has become pertinent to mention here that however a 
column superbimatrix transpose would be a row superbimatrix 
and a row superbimatrix transpose would be a column 
superbimatrix. 

Now we proceed onto illustrate them with examples. 


Example 2.15: Let A= A; U Ap =[3011]-15231]U[101 


| 5 20]|1 1 10 2] be a row superbimatrix. The transpose of A 
denoted by 


= AI UA). 


> 
eS 
| 
C 
YN OFF FILON UR OF 
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Clearly A’ is a column superbimatrix. 


Example 2.16: Let 


| 
3 a 
1} |-1 
1 0 
1 1 

B=B,UB,=/2|uU] 1 
2} | 3 
1 5 
1 1 
0 2 

6 


be a column superbimatrix. The transpose of B which is B' = [3 
111,22|11/0)U[1|2-1011|35126] = Bi UB}. 
Clearly B' is a row superbimatrix. 


Example 2.17: Let C = C; U C, be any superbimatrix where 


and 
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C is a mixed rectangular superbimatrix. 


CT=(C, UG)" = Ci UC; 


C' is also a mixed rectangular superbimatrix. 


Example 2.18: Let D = D, U D2 where D is a mixed square 
superbimatrix with 


and 


Now 


3 1 0|-1 
3 0] 1 
Oe 22 ile 3 
=/]1 5/0] vu 
-1 0 1] 0 
2) ik 
2. AM Oui) a 


We see D’ is also a square mixed superbimatrix. 
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Now we are interested to know what to define or call the 
following type of bimatrices. 


Example 2.19: Let A= A; U A2 where 


1 2 
2 0 
1 5 


and 


where A, is just a 3 x 5 matrix and A) is a square supermatrix. 
Since A; is not a supermatrix we cannot define A to be a 
superbimatrix since A, is a supermatrix we cannot define A to 
be a bimatrix. 

So we define a new notion called semi superbimatrix in 
such cases. 


DEFINITION 2.9: Let A = A; UA? where A, is just a simple 
matrix and Az is a supermatrix then we define A = A; UA? to be 
a semi superbimatrix. 


Example 2.20: Let 


Se A whe 2 
A=A,UA)= U 
05 1 0 


where A, is just a 2 x 4 matrix and A) is a square supermatrix, 
A is defined as the semi superbimatrix. 
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Example 2.21: Let A = A; U A, where A; = [3 23 | 1005] and 
A, =[1 10111]. We see A is a semi superbimatrix called as a 
row semi superbimatrix. 


Example 2.22: Let A = A; U A, where 


1 
0 
1 
aes 
2 
—] 
6 
and 
3 
Ay = ; 
4 
5 


A is a semi superbimatrix which we define as a column semi 
superbimatrix. 


Example 2.23: Let A = A; U A, where 


ener es 
A, = 


1 00 -1 2 1 


and 


A is a mixed rectangular semi superbimatrix. 


92 


Example 2.24: Let A = A; U A> where 


3 4 2 0 
hoz 1 01 0 
Boh. ae 
5 01 1 
and 
3 142 
A,=/|0 0/1 
Py 2Qs) 1 


A is a mixed square semi superbimatrix. 


Example 2.25: Let A = A; U A> where 


A, = 


A NO RB W 
— 
j=) 
or KF SO 


and 


A is a mixed semi superbimatrix for A, is just a square matrix 
and A, is a super rectangular 7 x 3 matrix. Thus we can define 7 
types of semi superbimatrices viz. row semi superbimatrix, 
column semi superbimatrix, n x n square semi superbimatrix, m 
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x n rectangular semi superbimatrix, mixed square semi 
superbimatrix, mixed rectangular semi superbimatrix and mixed 
semi superbimatrix. 
Example 2.26: Let 

3 11 0 142 

A= U 
1 0 1 3. 4]5 
= Ay U Ao. 

A isa2 x3 rectangular semi superbimatrix. 


Example 2.27: Let 


103 -l 0;-1 2 3 
101 1 1;2 3 4 
A= U 
LOS 2 SiG “7 8 
{2 0) 23 4;3 2 1 
= Ay U Ao. 


A is a4 x 4 square semi superbimatrix. 


We see as in case of superbimatrices the transpose of a semi 
superbimatrix is also a semi superbimatrix. The transpose of a 
row semi superbimatrix is a column semi superbimatrix and the 
transpose of a column semi superbimatrix is a row semi 
superbimatrix. 


Example 2.28: Let 


A = A, UA) 
= 100035}U[1123][554|412] 


be a row semi superbimatrix. 
A’ = (A, VA)’ 
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AI UA} = 


Ann ood OF W 
C 
NO — BIB ON WW NY FF 


is a column semi superbimatrix. 


Example 2.29: Let A = A, U A> where 


Ay a and A> = 


NO OF | KK WD 
NI HD NW BIW NO 


AY 


(A, UA)’ = AP UA} 
= [311102]U[123|4567]. 


A is clearly a column semi superbimatrix but A’ is a row semi 
superbimatrix. 


Example 2.30: Let A = A, U A, be a mixed square semi 
superbimatrix where 


A, = 


Go — W 
—_ — © 
(0 et 
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and 


Ao = 


At=(A,;UA))'= AT UA 


Clearly A‘ is also a mixed square semi superbimatrix. 


Example 2.31: Let A = A, U Az be a mixed rectangular semi 
superbimatrix where 


A, = 


PN NF OO WW 
Go FF NO KF Re Re 
won oo oF WN 


and 


1 3 5/8 1 3 0 
Ao = P 
2 de 6) 9-2 1 7 


The transpose of A 
A'=(A,UA))'= ATUA} 
where 
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A’ is also a mixed rectangular semi superbimatrix. 


Example 2.32: Let A = A; U A, be a 7 x 3 rectangular semi 
superbimatrix where 


A= 


an =_- coc or,rTTo -— 
SNF FF CO CO KF CO 
OO: = Ee SS 


and 


me N 


DN WILKE FF CO = 
So WwW naIn © F N 
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is also a3 x 7 rectangular semi superbimatrix. 


As in case of superbimatrices the sum of two semi 
superbimatrices can be added 1.e., A= A; U Ay and B= B; UB» 
can be added if and only if both A; and B,; and same order 
matrices and A, and By, are same order supermatrices with same 
or identical partition on it. 


Example 2.33: Let A = A; U A, and B = B, U B; be any two 
semi superbimatrices. Here 


0 1 2 
A,;=|3 4 5 
6 7 8 
and 
Ao = 
and 
0 1 0 
B, = 1 1 
2 1 0 
and 
Bo = 
A+B = (A; U Az) + (B; U Bo) 


(Ay aE B;) U (Ad ar B2) 
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A+B is also a semi superbimatrix of the same type. 


Suppose we have 


O oh }2 3 1 -l/1 1 O 
A=A,;VA,=]0 1/-1)U/4 2 0/1 0 =I 
ee 


to be a mixed superbimatrix then we have always A + A is 
defined and is 2A. In fact A+ A+... + A, n-times in nA. We 
see 


> 
Ae 
> 

ll 

j=) 
a 
=o 
-) 
as 
C 


j=) 
1S) 

| 
— 
— 
j=) 


29 


0 2) 4 Ge Ze Za. 2k 0 
=(0 2/-2/U/8 4 042 O -2| =2A;U 2A). 
2 2 


Now nA = nA; U nA; for any n> 1. Also 


A-A = (A; U Ad) — (Ay U Ad) 
= (Ay — Aj) U (Ad — A») 


0 0)0 OO: OO° 20" “G 
0 0/0;/U/9 0 0/0 0 OF, 
0 0)0 00 0/0 0 0 


Thus we get the difference of A — A to be a zero superbimatrix. 
Now if 


A=A,UA) 
Li 223 
Bode WD! OSD. ae 2286 
=|0 1/0)U 
1201-13 141 
1 Oj 1 


be a mixed semi superbimatrix. Then 


AtA = (Ay U Ao) ay (Ay U Ao) 
(Ay + Aj) U (Az a A») 


II 
=| oo 
o| 
el1oOo w 

+ 
Flor 
ore N 
-=!Oo W 

© 


ies) 
N 
— 
ran) 
Nn 
N 
ies) 
Ps 
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Preece 


bn 2 Oe 1? SL oe 2: I 
2. A 
64: 2° O° 10-4) Ge 2 
=. 0 2 
De OY Dr ede Ge ae a2 
2 0 
= 2A,;U 2A) = 2A. 


Thus we see sum of a semi superbimatrix A with itself is 2A. 
On similar lines we can say if A is a semi superbimatrix then A 
+A+t...+A,n-times is nA = nA; U nA». 

Having defined transpose and sum of semi superbimatrix 
whenever it is defined we proceed onto define some product of 
these superbimatrices and semi superbimatrices. 

As in case of supermatrices we in case of superbimatrices 
and semi superbimatrices first define the notion of the product 
of a superbimatrix with its transpose. We also for this need the 
simple definition of symmetric superbimatrices, symmetric semi 
superbimatrices, quasi symmetric superbimatrices and quasi 
symmetric semi superbimatrices. 


DEFINITION 2.10: Let A = A; U Az be a superbimatrix. We 
call A to be a symmetric superbimatrix if both A; and A» are 


symmetric supermatrices. 


Example 2.34: Let A = A, U Az be a superbimatrix where 


0 1 2/3 4 
Lb: on 3B 
Age) 2.° 1 Ae 2. B 
oe. 2s A223 Gl 
At Ss 2,1. 


and 
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Ao = 


oN KIO 
RF W]e 
— NW FR] Nd 
a re B| oO 


since both A; and A» are symmetric supermatrices we see A = 
A, U Az is a symmetric superbimatrix. 


DEFINITION 2.11: Let A = A; UA2 be a superbimatrix, A is said 
to be quasi symmetric superbimatrix if and only if one of A; or 
A> is a symmetric supermatrix. 


The following result is obvious every symmetric superbimatrix 
is trivially a quasi symmetric superbimatrix. However a quasi 


symmetric superbimatrix is never a symmetric superbimatrix. 


Example 2.35: Let A = A; U Az where 


and 


Ao = 


— Bw bh 
NO | BR ww 


WO NI B&B 
BR Wwldnho — 


be a superbimatrix. Clearly A, is a symmetric supermatrix 
where as A> is only a square supermatrix. Hence A is only a 
quasi symmetric superbimatrix. 


DEFINITION 2.12: Let A = A; UA2 be a semi superbimatrix. If 
both A; and A are symmetric matrices and A; or A> is a super 
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symmetric matrix then we all A to be a symmetric semi 
superbimatrix ‘or’ used in the mutually exclusive sense. 


Example 2.36: Let A= A; U Az where 


5 4/1 2 3 
4 1/2 3 4 
A;={1 2/4 1 2 
2. x Nis 23 a 
3 4/2 1 2 
and 
010 1 
ee 143 1 | 
O.. .oe 22+ 
1 1 1 5 


A is a symmetric semi superbimatrix as A; is a symmetric 
supermatrix and A, is a symmetric matrix. 


DEFINITION 2.13: Let A = A; U Az be a semi superbimatrix. If 
only one of A; or Az is a symmetric matrix (or a symmetric 
supermatrix) then we call A to be a quasi symmetric semi 


superbimatrix. 


Example 2.37: Let A = A; U A; be a semi superbimatrix where 


A, = 


no WwW S& NY 
YN ND Se ne 
NO eS NN KF w&W 
—- We DA O&O 
Rr NN WN 


and 


103 


aA BW NIK W 


Ag 


Nn” BP WI]LN 
— NA NM BB] WwW NWN 
Ny F& DB NBN 
WN RF HDI nn WwW 
BW N FILA ~ 


iS a quasi symmetric semi superbimatrix. 


Example 2.38: Let A = A; U A> where 


0 
1 
1 
4 


A, = 


wo Oo NO — 
NO FF WwW © 
- oOo Bf 


and 


A is a semi superbimatrix which is also a quasi symmetric semi 
superbimatrix. 

We show later the byproduct which we define on 
superbimatrices we get a class of symmetric bimatrices. 


We first illustrate the product of two superbimatrices. 


Example 2.39: Let A = A; U A, and B = B,; U B; be any two 
superbimatrices. Here 
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2 0/3 0 1/4 
A,;=|/1 1]1 1 O}1 
1 2/0 1 1/0 
and 
a 1 Ou Be - 3. Qe 
deci tee or alee ce 
3 41/0 101 
1222/4 2 5 6 
0 1 
3 0 
1 0 
Ply 
2 0 
01 
and 
1 0 3 
3 Pod 
5: te 
B.=/1 1 O}. 
01 1 
1 0 0 
0 1 0 


A and B are row superbimatrix and column superbimatrix 
respectively. 


AB = [Ai U Ad] [Bi U Bo] 
A,B, U A»B> 


where the product AB is defined as the minor product (refer 37- 
40 of chapter one). 
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) 
ieee 
f= oe 
Ss i 
Co oOo Oo 
Ld 
+ 
as | 
on oO 
WN OM 
Ld 
+ 
a | 
N a oO 
om Oo 
Ld 
UA—_,——“Y 
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6 1 10 a a: 5 6 9 8 13 
24 6 19 2°29 26 8 19 
+ = 15 3/U : 
20 5 15 0 2 1 5-5 20 7 16 
17 4 9 9 12 2 26 16 11 


is a bimatrix and is clearly not a superbimatrix. Thus this sort of 
product leads only to a bimatrix. 


We give yet another example of the same type before we 
proceed onto define more complicated products. 


Example 2.40: Let A = A, U A, and B = B, U B; be any two 
superbimatrices where 


a 1 0 ile 0 i. | 
‘is 


1 11 0/0 01/0 2 
and 
3 1/1 1 1 0 1)1 
A,.=|6 21]0 0 1 0} 1 
1 0/0 0 1 1 =#1/)0 
3 10 1 
1 0 1 0 
-1 1041 
2 00 0 
B,j=|0 01 1 
1 00 1 
0 0 1 0 
2. M2 0 
1 01 1 
and 
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ee ae all 
mp Ne @N ee | 
Sal 


=a COIN a Oa Oo 


Bo = 
A is arow superbimatrix and B is a column superbimatrix. Now 


(Ay U A») . (B, U B>) 
Ay B, U A» B> 


A.B 


Ooms | ANIO TF COIN 
[| 
WM AN 
ie) 

Ss 4 
o © 
N © 
nN © 
SS 
“4 
OO a 
——ee | 


1 
6 2/0 


0;0 0 
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or oO 


oO oO Fr Oo 


or oF 


— — me PO — 


3 1 5 

6 2]+/2 3|4]1 

1 0 3| [0 
_ (2B 7 13 
5 Oo. A 


109 


We see the product of two superbimatrices is only a 
bimatrix. 


To this end we define two new notions. 

DEFINITION 2.14: Let A = A; UA? be a mixed rectangular m x 
n superbimatrix with m <n. If in both A; and A; partition is 
only between the columns i.e., only vertical partition then we 


call A to be a row superbivector. 


Example 2.41: Let A = A; U A, be a mixed rectangular 
superbimatrix where 


B10) aly Qs WW. So 2 1 
A,;=/1 1 1/3 1/0 1 1 «0 
2141/4 1/0 0 1 0 
and 


Ao = 


Oo oO KF WwW 
- Oo FF 
oOo on WN 
BR WN 
WO NY & & 
BR WN 
ea NO Oo — 
NY nA @ 
wo nN — 
KR Or OO 


We call A to be a row superbivector. It is clear the partition of 
the matrices are only by the vertical lines i.e., between the 
columns and no partition is carried out between the rows. 


DEFINITION 2.15: Let A = A; UA; be a mixed rectangular m x 
n superbimatrix with m > n. If we have on both A; and A> only 
horizontal partitions then we call A to be a column 
superbivector. When we say horizontal partitions it takes place 
only between the rows. 


Example 2.42: Let A = A; U A) a rectangular superbimatrix, 
where 
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1041 1 
Zz, “h. 222 0 
0 10 1 
3. 225259 
A;=|1l 2 3 4 
5 6 7 8 
0 1 2 3 
1 1 0 5 
aero mat | 
and 
1 1 0 
is ab od 
0 1 2 
3 4 5 
6 7 8 
A,.=|9 0 1 
01 1 
1 0 1 
1 1 0 
I 223 
4 5 6 


is a column superbivector. 
Now we proceed onto define the notion of product of these 
type of superbivectors. 


DEFINITION 2.16: Let A = A; U-A2 a column superbivector and 
B= B, UB, be a row superbivector. Now how to define the 
product BA. BA is defined if the following conditions are 
satisfied. 

If A = A; UA? where 
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A; = 
AL 
and 
A 
ADp= : 
AL 
and in B = B,; UB, we have B,; = | B; | ase | B, | and B> = 
| B | ne | B., | then first 
B.A = (B, UB) (A; UA) 
= B,A,; VBA), 


BA, and BA; is the super vector product defined only if the 
number of columns in each of B;, 1 <i < mz, is equal to the 


. 1 . ° 
number of rows in each of A, ; 1 Sj Sm, and the number of 


columns in each of B? , 1Si <mp is equal to the number of rows 


: 2 : 
in each of A;, | <j sm. Now 


BA = B, A; UB? A? 


LB |---| Be, | 


Al A 
UB || Be] 
A! ae. 


{Bi A! +...+B), A, } U {Br A? +...4+B? A, } 
CUD; 


we see C and D are not super vectors they are only just 
matrices. Thus C VU D is only a bimatrix and not a 
superbimatrix. 
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We have illustrated this type of product in example 2.39 and 
2.40. The product defined using row superbivectors and column 
superbivectors results only in bivectors and this product will be 
known as the minor product of superbivectors. 

Now we proceed onto define the notion of major product of 
these superbivectors. Before we define them abstractly we give 
some examples of them. 


Example 2.43: Let A = A; U A, and B= B; U B» be two 
superbivectors where A = A; U A> with 


_—=- Oo —| eRe W 


1 

0 
Ai=|3 0 

1 

e) 


and 


1.e., A = A; U A> is a column superbivector. Given B = B; U B> 
where 


and 
> he Sa), Wee 4 AD 
Bo = 
2 VO lt Oe. 


is the row superbivector. The major byproduct 
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(Ay U A») (B, U B>) 
Ay By U Ad Bo 


>) 
DN ma AN 
N CO 
4 CO 


1 
0 
3 
1 
) 


|- 


De Dae AM es ods le 8 ed 
Wd 2h Or sg. A 


1 
0 
1 
4 
5 
0 


Z 
3 
1 
1 
pi 
3 
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4;5 13 1|4 4 
1} 1 3 0)]0 1 
= 14/7 17 3/10 4); VU 
Aso: ee | a 
Gy TE. “29 350 | 1G: HG 


= C U D where both C and D are superbimatrices and not 
superbivectors. 
We illustrate the same with one more example. 


Example 2.44: Let A = A; U A, and B = B,; U B, be two 
superbivectors where A = A; U Az, is a column superbivector 
and B = B; U Bz 1s a row superbivector with 


2 0 1 
| ae as | 
3 7 0 
1 1 0 
A 2 0 1 
cae ee | 
| ae Game | 
0 1 0 
1 0 1 
0 0 1 


and 
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Nn W ee 
nN BN 


> 
Nw 

| 
on 
—- © 


a aaa 
_—- Oo — 


is a column superbivector. Now B = B; U By» where 


me N 


1 
Bi = 2 
3 


= i ES 
oS 
—— 


1 ae 
1 0 1 
0 0 1 


1 O;1 1 1 T}1 111 
Bo = 
1 1/0 01 1)/0 10 41 


is the row superbivector. Now the major byproduct of AB is 
defined as AB = (Ay U A») (By U B>) = Ay B, U A> B> 


N 


and 


me N 
me. 
= — 


WOW NO Re WwW 
nor ~ 
-_= Pe CO SO 
WwW N Fe 
—_= ee © 
—_-=- Oo —_ 
oO —- 
a) 


oF oOo FF 
Leen ce > el 


(mE > 
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1 111 1 1 
0 011;0 10 1 


1 0 
Le id 
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5 10 3 6 
6 . oS 
17 15 10 13 
3 ae ae 
5 10° 3% 
=e 15-36, 13: © 
6 5 3 5 
2 Ox i 7 
4 & Ot 
3 O: “a. 2 
3 2 1 i 3 
7 4 a WG Wax ig 
ll 6 eae cal 
1 0 ii a 4 
P14 0101 
a io oD 
f 6 Ts 7 ay. 
21 1212 


= C,; UC). Thus the resultant of a column superbivector with a 
row superbivector is a superbimatrix. 


Now we proceed on to define the major byproduct of 
superbivectors. 


DEFINITION 2.17: Let A = A; U Az be a column superbivector 
and B = B,; UB; be a row superbivector. The major byproduct 
of these two superbivectors is defined to be AB where AB = (A, 
UA») (B; U Bz) = A; By UA2 B> is compatible if and only if the 
number of columns in A; must be equal to the number of rows in 
B, and the number of columns in A; must be equal to the 
number of rows in Bz respectively. Then the resultant bimatrix is 
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always a superbimatrix. Thus the major byproduct yields a 
superbimatrix which is neither a row superbivector nor a 
column superbivector. 


Now the immediate application of these major byproduct of 
superbivectors is the product of a superbivector with its 
transpose. The example 2.43 and 2.44 are illustrations of major 
byproduct of superbivectors. 

Now we proceed onto give an example of a superbivector 
with its transpose. 


Example 2.45: Let A = A; U A, be a column superbivector. Let 
A' be its transpose. The byproduct AA’ gives a superbimatrix 
which is neither a column superbivector nor a row 
superbivector. Given A = A; U A> where 


ies) 


A, = 


- Oo | FI] NI OC 
DoF CO NI RIL Re RF ke 
=_= OO —S& WIOle= nA © 


and 


A> = 


NI OF Of] KF WN 
Cole no oO|r = 
NI ON KF FLD © 
ele Wo Re KF! oO Bf 


Now 
A'=(A, U Az)’ = AT UA). 
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and 


2 
0 


1 
1 
2: QO | 2 
1 


(Ay U A») (Ay U A)! 


) 


T 
2 


Ay Al UA, A ‘ 


on oO 
"CS 
=a NM 
NN - Oo 
on 
y a4 


SGD Oo BIOINna CO 


aS OO IRIN CO OM CO 


NO |; CO|N|ra at oO 


1 
0 0 5 
1 
1 
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121 


TOs 2s a Ni SD 3 
=2) 38) “PHL 19 3S dS 
Le oh 2 1 1 1 
(aie) Come Rallies a 
: 5 EO 232) -4e | 14a 24 = 
So, ioe Wel Deeds 2, 2 
Bo te Lin (Os 28 
SOS OP 2a 2 2 
21 3 |4 6 17 7/8 
3 Gs oe VATS 2. le 
4 Dede Ae HONS 
6 2s os ND 
17 Dod) OO. || oh 
gi M2, 8, De lind 
8 ode 7-39 


= S8; U S: = S we see both S; and S) are symmetric 
supermatrices thus AA’ = S is a symmetric superbimatrix. Thus 
this product of a column superbivector with its transpose 


NO —_— 
Ww & 
Re 


js 
j=) 
(oS) 


Re WN Nn 
Oe ate ESS 
Os “a OG te IS 


and 
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elw ONIRF Wore 
ele CO FlRe DA Oo WN 
SIN KF Wl oe & Ww 
ele NY Ue OS £& 


ATA = (A,U Ad)'(AyU Ad) 
(AU A; ) (ALU Ad) 
Al Ay U A} A> 


Now A; A; U Aj} A; yields a superbimatrix which is always 


symmetric. 


Example 2.46: Let A = A; U A, be a row superbivector. Now 
we find the product of A’ with A. Given A = A, U Ap where 


Ty 2s | eke 32 2 Se od 
Ai;=|0 3;0]/1 1 0 1 =O 
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[oS 
j=) 
— 
j=) 
— 


and 
1 13 1/2 0 3}1 
2 0 6 1/1 0 141 
A> = 
Bs Qe es Toe 0 
4101/5 2 1}]1 
Now 


A'=(A,U A))'= ATUA} 
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30 8 


33, 10-15 31.39 13 181-8 
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Si U S> 
A'A = 8S. 
This S is a symmetric superbimatrix. 


THEOREM 2.1: Let A = A; U Az be a column superbivector. 
Then AA’ is a symmetric superbimatrix. 


Proof is left as an exercise for the reader. 


Hint: Let 
Ai} | Ar 
A, AG 
PS et | ae Pa a A 
As) Aa 


be the given column superbivector. Now 


Al 


(A,U A)" 

= oA, WAS 

= [Aaa] [An] Y [AP Ar | [An] 
AAP = CAG OPAS) (Apu As) 

= (A; U A) (A; VA;) 

= A,ATUAAS 


= |= EW AS PAST | | AY | U 


| AP LAP [Ar | [A] 
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1 T 1, tT la tT 
AA, AJA, | AA, 
1 

1 q tT 1 qtT 
A,A, AJA, 

_ ; : VU 

1 tT 1 tT 1 tT 
Aa A, AG A, ce A. A 
2 a 2T 2 a 2T 2 a 2T 
Ay A Ay A; ad A A, 
2 4 2T 2 4 2T 2 4 2T 
wa [AIA [LIAS 
2 2T 2: 2T 2 2T 
ALA Ay AD al A. AL, 


We see (AIA!T) =A'A'; i= 1,2, ...,m. Also (A?A27) = 
AjA;", 1 <k,j < no. Thus we easily see the product AA" gives 


a symmetric superbimatrix. 


Now we proceed onto define the minor product of semi 
superbimatrix, to this end first we define semi superbivector. 


DEFINITION 2.18: Let A = A; UA? be any semi supermatrix. 
We say A is a semi superbivector if the supermatrix A, (or A>) is 
just partitioned only vertically or horizontally ‘or’ in the 
mutually exclusive sense. The other matrix may be a square 
matrix or a rectangular matrix or a column vector or row 
vector. 


Example 2.47: Let A= A; U A2 where 


BP 2. Ne Oi Sd 
A, = 
1. 322 (OS 3: Oe 3 


and 


NA Wo 
_—- Oo —_— 
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A is a semi superbimatrix, because A, happens to be a row 
super vector we call A to be a row semi superbimatrix. 


Note: Even if A; is not a rectangular matrix still we call A to be 
only a row semi superbimatrix. 


Example 2.48: Let B = B; U B2 where 


2 0 1-1 
get 2021 
i: ke 2 
i Oi 
and 
4 6 
196° 24 
7654 
B= ls 2 1 Of? 
ity wht OS 
072 5 


then we call B to be a column semi superbimatrix though B, is 
just a 4 x 4 square matrix. 

Now we call these row semi superbimatrix and column semi 
superbimatrix as semi superbivectors, even if the non super 
component is a square matrix or a column vector or a row 
vector or a rectangular matrix. 

Now we illustrate the minor product of semi superbivector. 


Example 2.49: Let A = A; U A; and B = B, U B; be two semi 
superbimatrices; where 


3° °0: 1 2 
A,;=/1 1 0 1 
5 0 1 3 
and 
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Dr thie DaS Bee. ABS 
As=/]1 0 1}1 0 1 =I 1i4. 
0 1 0/2 1 0 0/2 
A 1s the row semi superbivector and B = B, U B> with 


B, = 


Ny FF Oo WwW 
oF DN 


and 


m= W NN 
_—- Oo —_— 


B= 


Go FF NO 
—_—- © — WN 


— 
Nn 


be the column semi superbivector. Now 


II 


AB (Ay U Ao) (Bi U Bo) 


Ay B, U Ad B> 


be the minor product of semi superbivectors. 


3 1 
3 0 1 2 
0 6 
A; By U Ap Bo = 1 10 1 1] U 
a0 to 3 
2 0 
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Example 2.50: Let A 
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A 23s 2 Set OY 7 
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be a semi superbivector and B = B, U B> with 


0 

1 

2 

B, =|3 

0 

1 

5 

and 

@  & ‘I 2 
1 2 0 2 
1 0 1 0O 
0 1 0 41 
Bo=|1 1 #1 = =#1 
0 -1 O -!l 
1 0 1 0 
-l1 1 -1 1 
0 1 1 O 


be a column semi superbivector. Now 
AB= (A,;VA2) (B\UB2) 
= Ay AvU B, B> 


= [1230156] 


Ane OWN KF CO 
CG 
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Clearly AB is only a usual bimatrix and is not a semi 
superbimatrix. Thus we see the minor product yields only a 
bimatrix, the semi super quality is lost by this product. 

Now we proceed on to define the minor product of semi 
superbivectors. 


DEFINITION 2.19: Let A = A; UA and B = B,; UB; be two semi 
superbivectors. The minor product of AB is defined if and only if 
in the product AB = (A; U A>) (B, U B») = A|B, U ABs, the 
usual matrix product A,B, of the A; and B, is defined i.e., if A; is 
am xn matrix then B,; must be an x t matrix and A>2B> is 
defined only if A> is a row super vector say 


A>=| A? | Ar |---| Ae | 

and B, is a column super vector such that if 

Hi, 

B 

B> = = 

Bo 
then each of the product of matrices A’ B? is defined for i =1, 2, 
..., N2 and all of them are of same order, i.e., 


B 

A2B, = | A | A; |---| 42, | aa = A: By + A,B) pete Be 
RB. 

since each A?B? is only a ordinary simple matrix and not a 


ny 
supermatrix we see AB =) 4B is just a single m2 x np 
i=l 
matrix. This us see AB = A,B; UA>B> is only a bimatrix. 
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Now we just define major product of semi superbivectors. 
We first illustrate it by examples before we go for the abstract 
definition. 


Example 2.51: Let A = A; U A, and B = B; U B, be two semi 
superbivectors where A = A; U A) with 


Dt sl SOC Se asp. 2 Ah) 
A;=|0 1 0 3 1 6 
-1 11 01 0 1 
and 
Sealy 0. 
1 1 1 0 
1 101 
2 At oe 'O 
A.=/1 0 1 O 
L223. 
1 1 1 0 
0 1 1 +0 
100 1 


be a column semi superbivector and B = B; U By» with 


B,= 


COND MN BW NY 
or or or oOo KF 
-_- Oo Fr Or oF oO 


and 
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4 3 0 


2 3 0 


0/3 0 


B. be the row superbivector so that B is a row semi 


superbivector. Now AB the major product of the two semi 


superbivectors is defined as follows 


AB 


(A; UA) (B, U B>) 
Ay B, UA B> 
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Clearly the major product yield a semi superbimatrix which 
is not a row or column semi superbivector. 

Now we give yet another example before we proceed to 
give the abstract definition. 


Example 2.52: Let A = A; U A: and B = B; U Bz be any two 
semi superbivectors given by 


me N 
NO Ww 
oO 


A WO = 
SS — — 
nN Nn © 


Ai= and A, = 


wo =—_=_ Oo — 
me NYO W WN 
Co oF Oo 
oe re 
-_- Oo Oo MN 


_- ore Oo r,r Oo — 
et GD ES ee eS ee 
NE nS ED TO EDD OE ED 


A be the column semi superbivector. 
B=B,UB, 
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A,B; U A2B2 where we define the major product of the semi 


be the row semi superbivector. AB = (A; U A) (B; U Bp) 
superbivectors. AB 


A,B, U A»B> 


1 
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MONIN TFT OIN Baa a TD ON 
nal[a oe Ne HN OH AN 
NAR ae alae Tr OT Oo Oo 
mM Alo Tela Nn ne onna 
OMIM NHN EOIN AN BAAN OM™M 
Tala VAAN MoCH NM 


is a Semi superbimatrix. 
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This major product converts product of semi superbivectors in 
to semi superbimatrix where as minor product makes the 
product of semi superbivectors into just a bimatrix. 


DEFINITION 2.20: Let A = A; U-A2 and B = B; UB; be two semi 
superbivectors. The major product of the two semi 
superbivectors A and B is AB, is defined as AB = (A; UA2) (B; 
UB») = A,B, UA>B> if 


1. A,B; must be compatible with respect to usual matrix 
product that is if Ajis amxn matrix then B; must be an 
x t matrix. 


2. A>2B> is defined only if Az is a super column vector and 
B> is a super row vector such that the number of 
columns in Az must be equal to the number of rows in 
Bo. 


Now we find the product of A with A’ or A‘ with A which ever 
is compatible where A is a semi superbivector. 


Example 2.53: Let A = A, U A, be a semi superbivector given 
by 


101 2 3 
AS d. 2Oei1: 2 
30101 
LO °2 a Bs Be 1 ay 
2s A, Oe es Os A 
530101101 
Now 
A'=(A,U A)! 
=AIUA} 
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(Ay U A)" (A; U A») 


(AT UA) ) (A, U Az)" 
Al Ay UA} Ad 
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we see A‘A is a symmetric semi superbimatrix. This product 
helps one to construct any number of symmetric semi 
superbimatrices. 


Example 2.54: Let A = A,UA) be column semi superbivector. 
Then we can find AA‘. Given 


er ere 
01 23 
fe 04 
oo 
0101 
B40: 1) Nee 0 a 
i De Ah, De 8 
eee. Ve Be le 
0110] J1 01.0 
bh A 
0101 
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to be a column semi superbivector. 
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14 “S17 1 

5 3 8 1 

“117 8 30 2\~ 

i. Bo 
14 4 11 2 6 4 3 3 
4 3 10 bt 2 25%, 2 
11 10 39 6115 47 
Ay Oe 5 0. 2 oer 4 
6 7 26 3 7 43 4 
14 3 17 Te Dy & I 
5 3 10 i se ere 
2 1 6 = 2305 404 
6 3 11 2A 2 Be 2 
A - Oo 5 O29 2 EA 
3 1 4 1 D> AD 
34 2 ie 2. He 012 


AA! is a symmetric semi superbimatrix. Thus this major 
product when A is multiplied by its transpose where A is only 
semi bivector yields a symmetric semi superbimatrix which is 
not a bivector. 

Like in case of superbimatrices we can easily prove the 
following theorem. 


THEOREM 2.2: (1) Let A = A; U Az be a column semi 
superbivector then AA' is a symmetric semi superbimatrix. 

(2) If A = A, U Ap is a row semi superbivector then A'A is a 
symmetric semi superbimatrix. 


The examples 2.53 and 2.54 substantiate the above theorem. 
Now we proceed onto define the product of superbimatrices 
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which are not superbivectors and semi superbimatrices which 


are not semi superbivectors. 


= B; U B> be any two 


Ay U A> and B 
superbimatrices we define the byproduct AB of A and B. Given 


Example 2.55: Let A 


A,;U A> 


A= 


2-4 3 


(A; U A») (By U B») 
Ay B, U A> B> 
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3. Ar || O° 8 
4-4 7 |12. 14 
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1 4 3 10 
2 6 4/10 10 
0 5 3 17 
3 1 4;7 4 

8 8 12} 11 35412 

oe? 

9. 4 

8 3 

6 2 

| 

| 
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Clearly the resultant under the minor product of two 
superbimatrices is a superbimatrix. 

Thus we see the minor product of two superbimatrices 
results in a superbimatrix. We have observed from the example 
2.55 that only for the product AB to be compatible we need the 
number of columns in A must equal number of rows of B but 
also the way the columns of A are partitioned must be identical 
with the way the rows of B are partitioned. 

Then alone we have the product to be defined. We give yet 
another example of a minor product of two superbimatrices 
before we proceed on to define them. 


Example 2.56: Let A = A, U A: and B = B, U B; be any two 
superbimatrices. We will find the minor product AB. 
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= §S, U So = AB 1s once again a superbimatrix. 


DEFINITION 2.21: Let A = A; U Az and B = B,; UB, be two 
superbimatrices. The minor byproduct of the two 
superbimatrices AB = (A; U Az) (Bi U Bz) = Ai By UA? Bz is 
defined if and only if the following conditions are satisfied. 


1. The number of columns in A; is equal to the number of 
rows in B;; i = I, 2. 


2. The partition of A; along the columns is equal or 
identical with the partition of B; along the rows i = 1, 2. 


We see the minor byproduct of AB when it exists for the 
superbimatrices A and B is again a superbimatrix. The examples 
2.55 and 2.56 show explicitly how this minor byproduct of any 
two superbimatrices are defined resulting in a superbimatrix. 
Now we proceed onto first illustrate by examples how the 
product of the transpose of a superbimatrix with a superbimatrix 
is defined. 


Example 2.57: Let A= A; U Az be a superbimatrix where 
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We see the resultant is a symmetric superbimatrix. We see 
by the minor byproduct of superbimatrices with their respective 
transposes we can get more and more symmetric 
superbimatrices. 


Example 2.58: Let A = A; U A> be a superbimatrix where 


and 
8 1/3 110 
Oe Ole Ss 
1 0/0 110 
Ad = é 
2. lide hen 
5 11/0 0/3 
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AA = (A,;UA;) (A; U Ap)! 
= (A; U Ay) (APU A;) 
= Ay At U A> AD 
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We see the resultant is symmetric superbimatrix. 


DEFINITION 2.22: Let A = A; UA2 and B = B,; UB; be any two 
semi superbimatrices. The minor byproduct AB = (A; UL A2) (B; 
U B>) = A, By UA? B> is defined if and only if 
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Number of rows of B; is equal to number of columns in A, 
(A; and B, are usual matrices). 


Number of rows of the super matrix A, equal to the 
number of columns of B, and the vertical partition of A» 
and the horizontal partition of B are identical; i.e., if in 
A> there is a partition between r and (r + 1)" column then 
in By we have a partition between r and (r + 1)" row this 
is true of any r; 1 < r < number of columns in Az = 
number of rows in B>. 


Now we illustrate this by the following examples. 


Example 2.59: Let A = A; U A; and B = B; U B; be any two 
semi superbimatrices. Here 
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AB = (A; U Ad) (By; U B2) 
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is a Semi superbimatrix which is not symmetric. 


Example 2.60: Let A = A, U A, and B = B, U B; be any two 
semi superbimatrices. We find their minor product. 


Here 
A=A,U A) 
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and 


B, UB> 


are the given semi superbimatrices. 


= (A; U Ao) (Bi U Bo) 
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We see the resultant is also a semi superbimatrix. Thus the 
minor product of two (compatible under product) semi 
superbimatrices is a semi superbimatrix. 


Example 2.61: Let A = A, U A: and B = B, U B; be any two 
semi superbimatrices. We find the product AB. Here 


A=A,U A) 
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and B = B; U B> where 
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Clearly AB is again a semi superbimatrix. Thus the minor 
product of semi superbimatrices yields a semi superbimatrix. 


Now we proceed on to find the minor product of a semi 
superbimatrix with its transpose. 


Example 2.62: Let A = A; U A; be a semi superbimatrix where 
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We see AA’ is a symmetric semi superbimatrix. We give yet 


another example. 
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Example 2.63: Let A = A; U A; be a semi superbimatrix where 
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Thus we see the resultant of the minor product of A‘A is a 
symmetric semi superbimatrix. Now we find 
AAT = (A, UA)) (A, U Ap)" 
= (A, U Aj) (A; VA;) 
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is a symmetric semi superbimatrices. Clearly from this example 
2.63 we see AA’ #A'A, but both of them are symmetric super 
semi bimatrices. 
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THEOREM 2.3: Let A = A; UA2 be a semi superbimatrix. A’ be 
the transpose of A. Then AA’ and A‘A are in general two 
distinct symmetric superbimatrices. 


The proof is left as an exercise to the reader; however we give a 
small hint for the interested reader to work out for the proof of 
the theorem. 


Hint: Let A = A; U A, be a semi superbimatrix where A; is am 
x n simple matrix and A, is as x t super matrix. 

Now 
A’ = (A, UA))' 

_ T T 

= (A, VA,) 


. T . . T . : 
is such as A, is an x m matrix and A, is at x s supermatrix 


AA'=B, UBvisa symmetric semi superbimatrix such that B, 
is am xX m symmetric simple matrix and Bz is as x s symmetric 
supermatrix. Thus AA' = B, U By is a symmetric semi 
superbimatrix. 

On the other hand we see A'A = C; U C; where C, is an x 
n symmetric simple matrix and C, is a t x t symmetric 
supermatrix. Thus A‘A is also a symmetric superbimatrix. 

Clearly AA’ # A‘A in general. 

If both A; and A, in A = A; U Az, are square matrices we 
want to find out what is AA’ and A‘A in case of semi 
superbimatrices. To this end we first given an example before 
we proceed to find the general rule. 


Example 2.64: Let A = A, U A, be a mixed square semi 
superbimatrix where 


A, = 
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We see the minor product yields a symmetric semi 
superbimatrix. Further we see AA‘ ¥ A'A. The partition of the 
supermatrix component in A‘A is different from AA. It is left 
as an exercise for the reader to find A‘A. 
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Chapter Three 


SUPER TRIMATRICES AND THEIR 
GENERALIZATIONS 


In this chapter we introduce the notion of super trimatrices and 
give here some of their properties and operations on them. 


DEFINITION 3.1: T = 7; UT, UT; is defined to be a super 
trimatrix if each of the T; is a supermatrix for i = 1, 2, 3. We 
demand either each T, must be a distinct matrix or each T, must 
have a distinct partition defined on it, T; 4T; ifi 4j, 1 Si, j $3. 


Example 3.1: Let T= T, UT2 U T3 where 
T,=(103/11234)|01 3), 
T,=(15]513|]3201 3) 
and 
T3=(11111/0010|]11111); 


clearly T is a super trimatrix. 


Example 3.2: Let D= D; U D2 U D3 where 
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D,= , D2. = and D3 = 


Co won BIW NY 
NH wWwore|!|l ore Fe OD KF W 
Oo CIN WB Nn BIW NO 


D is a super trimatrix. 


Example 3.3: Let T=T, UT, U T3 where 


a 12 
Teast Oe) dels 
a LS 


Ty 


—_—- —=—| Oo © 
co OoO}eETe Ke 
NO FIN 


1 
1 
0 
ps 


and 


T3 = 


T is a super trimatrix. 


Example 3.4: Let U = U; U U2 U U3 where 
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U is a super trimatrix. 


=V,UV2,U V3 where 


Example 3.5: Let V 


V is a super trimatrix. 
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We have seen 5 examples of super trimatrices. 


DEFINITION 3.2: Let T = T; UT> UT; be a super trimatrix we 
call T to be a row super trimatrix if each of the T; is a row 
supermatrix; for i = 1, 2, 3. 


The super trimatrix given in example 3.1 is a row super 
trimatrix. 


DEFINITION 3.3: Let D = D; UD; UD; where D is a super 
trimatrix. If each of the D; is a column supermatrix, i = 1, 2, 3 
then we call D to be column super trimatrix. 


The super trimatrix given in example 3.2 is a column super 
trimatrix. 


DEFINITION 3.4: Let V = V; UV U V3 be a super trimatrix. If 
each V; is a square supermatrix having a different order then V 
is a mixed square super trimatrix. 


The super trimatrix given in example 3.3 is a mixed square 
super trimatrix. 


Note: If in a super trimatrix T = T; U T2 U T; if each of the 
supermatrix is an m x m square supermatrix then we call T to be 


an m x m square super trimatrix. 


Example 3.6: Let S =S; U S: U 8; be a super trimatrix where 


A WwW N|RF © 
SD NO W!|NO 
FP Oo Uw wv 
NF COlN Ww 
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and 


Clearly S is a square super trimatrix. This is not a mixed 
square supermatrix. 


It is in fact clear that S is a 5 x 5 square super trimatrix. 
DEFINITION 3.5: Let M; UM, UM; be a super trimatrix. If 
each M, is a rectangular supermatrix having a different order 
for i = I, 2, 3 then we call M to be a mixed rectangular super 
trimatrix. 


The example given in 3.4 is a mixed rectangular super trimatrix. 


Example 3.7: Let T = T,; U T, U T;3 be a rectangular super 
trimatrix where 
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and 


0 4/0 


T is a4 x 7 rectangular super trimatrix which is not a mixed 


rectangular super trimatrix. 


N; UN> UN; be a super trimatrix where 


Example 3.8: Let N 
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We see each N; is partitioned only horizontally and never 
vertically i.e., each N; is partitioned only along the rows for i = 
L203: 


Example 3.9: Let C = C; U C, U C; be a super trimatrix; where 


23) de Sel ge Te a eed 
L) 2°) 1B OT dt S518 
Cyai3i9. BPP Be Os Be O 
SO 2S De Eades > ics 
Oe de 5a ta ol SP ee 


and 
[Qe de BA) 0< 9° 38-4. 2 
eS BL. el de =P Ee Sr 


Each C; is partitioned only vertically and never horizontally for 1 
= 1, 2,3. 
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DEFINITION 3.6: Let T = T; UT? UT; be a super trimatrix. Of 
each T; is only partitioned horizontally i.e., only along the rows 
or in between the rows, then we call T to be a column super 
trivector. 


The super trimatrix given in example 3.8 is a column super 
trivector. 


DEFINITION 3.7: Let T = T; UT) UT; be a super trimatrix. If 
each of T; is only partitioned vertically i.e., only along the 
columns or in between the columns, then we call T to be a row 
super trivector. 


The super trimatrix C given in example 3.9 is a row super 
trivector. 


Now having defined several types of super trimatrices we 
define operations on them. It is important to mention here that 
even it is very difficult to define addition of super trimatrices for 
if we need to define addition we need not only have the order to 
be the same but also the partition defined on them must be 
identical otherwise we cannot even define simple addition of 
super trimatrices. 


Example 3.10: Let 
T=T,UT,UT3 


3 
— Se toll O25 Oe 
1 et ao es anes, 
Oo A ded 
2 L 20! Al ul 
= de a 
=|3/ VU U!0 1 0 1 O 
1 01 1 
0 S00 D> il 
| es La 8 
5 be 2 Bt ae SS 
6 0 1 0 1 


be a super trimatrix and 
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S=S,;US.U 83 
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another super trimatrix. We see in both T and S each T; and S; 
are supermatrices of same order with identical partitions defined 
on them 1 <i < 3. Thus addition of S and T or T and S 1s 
defined 


T+S = (T; U Tz UT3) + (S} U Sz + 83) 
_ (T, 1 S1) U (T> oF S>) U (T3 oF S3) 


3| |4 
—-| |= 3.1.2. 4 01 1 2 
1; |0 
0 1 1 1] {1 1 1 3 
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—~| |= He: Sh Oe A 20 3 1 
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T +S also happens to be the same type of super trimatrix. 
Note: If T= T, U T2 UT3 1s a super trimatrix then 


T+T = (T; U Tz U T3) + (Ty U T2 U T3) 
= (T; a T) U (T, + T2) U (T3 at T3) 
= 2T; U 2T> U 2T3 
= 2T 


is a Super trimatrix. Thus if we take T+ T+... + T(n times) = 
nT =nT,U nTU nT. 


Example 3.11; Let 
T=T,UT, UT; 


1041 1041 
2/1 
21412 0 0 
0} 1 
= ale U U/3 1 3 0 0 0 
4 0 4 1 0 0 
Palla | 
Ds ae as “he YO 
be a super trimatrix. 
T+T = (T; U T2 UT3) + (T1 U T2 U T3) 


= (T, a T,) U (T, ain T2) U (T3 ae T3) 
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2T, U 2T> U 2T3. 


It is easily verified 5T; U5T, U ST3 
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Now we can define product of two super trimatrices in many 


ways. 
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Example 3.12: Let 


T,UT, U T3 


T= 
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be a super trimatrix and 


V=a V,U V2 UV3 


bed 2 ae SP a id 0 
= U 
OF 1 Bs, Sy Oe st 


be another super trimatrix. Now the product 


TV = (T}U T> UT3) (VU V> UV3) 
= T,V\U ToVxU T3V3 
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Thus we are able to define a product but in all cases we may not 
be in a position to define a product of super trimatrices, which is 
a column super trimatrix. 


Example 3.13: Let A = AyU A> VA; be a super trimatrix where 
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1 1 
2 0 
3 3 
1 4 
A,=|5-7 
3 1 
0 1 
1-3 
and 
213 4 
01 1 0 
1 0 1 0 
010 1 
AGNEW. Te 1 
1 101 
20 0 1 
1 00 2 
02 1 0 


which is a column super trivector. Let B = B; U B2 U B; be a 
row super trivector where 


i 0. 02 shire 
B,=|1 1 0/0 0)3 4], 
0 11/1 1/0 5 


Deke Qe LE 32 12 
B, = 
2 11 0)3 7. 0} 


and 
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A,B, U A»B> U A3B3 
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We see the product of a column super trivector with a row super 
trivector when defined results in a super trimatrix which is not a 
super trivector. 


We proceed on to define some more concepts before we define 
the product of super trimatrix with its transpose and so on. 


DEFINITION 3.8: Let A = A; UA? UA; be a super trimatrix. 
Then the transpose of A denoted by A’ = (A, U Ap U A;)' = 
A, UA, U AY is again a super trimatrix. 


Example 3.14: Let T=T, UT2 UT3 


eee a ee 
0 12/)3 4 
1 6/2 
1 1 O};1 2 
= ae a le 
9 6 8/4 2 
9 11/0 
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we see T, and T, are supermatrices where as T3 is a 
simple(ordinary) matrix. So T is not a trimatrix or a super 
trimatrix. 


Example 3.15: Let T=T,; UT2 UT3 


4.40 4) VOR DIS OA 
Oo Fe) VSO: hoe Ie 
na a ce 
beh te kee a ae ae oh 
09 5} |o 51/1023 4 
oo 6) Ib O15 5 7.5 8 
2 5 BS -G 
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be Be De Be ED 
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We see T; and T3 are simple matrices where as T, is a 
supermatrix. Thus T is not a super trimatrix or a trimatrix. So 
we define a new notion called semi super trimatrix which will 
accommodate both examples 3.14 and 3.15. 


DEFINITION 3.9: Let T = T; UT) UT3, where some of the T;’s 
are supermatrices and some of the T;’s are ordinary matrices 1 
Si, j $3. Then we call T to be a semi super trimatrix i.e., a semi 
super trimatrix T has at least one of the matrices T; to be a 
supermatrix, 1 Si <j <3. 


The matrices given in examples 3.14 and 3.15 are semi super 
trimatrices. Next consider the following examples. 


Example 3.16: T=T,UT2UT3 
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is a mixed square super trimatrix which is a symmetric super 
trimatrix. 

Thus from this example we see if a super trimatrix is to be a 
symmetric super trimatrix then it should either be a square super 
trimatrix or a mixed square super trimatrix. 


Example 3.17: 


V=a=V,U V2 VUV3 


MM} ww NO 
“I} oo WO WN 
N} Re CO W 
wo] we a WN 


V is a Square super trimatrix. Further we see V;, V2 and V3 are 
symmetrical supermatrices. Hence V is a square super trimatrix 
which is a symmetric super trimatrix. 
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DEFINITION 3.10: Let S = S; US; U S3 be a square super 
trimatrix or a mixed square super trimatrix. If each of S; is a 
symmetric supermatrix then we call S = S; US) US; to be a 
symmetric trimatrix (1 Si <3). 


The examples 3.16 and 3.17 are symmetric super trimatrices. 


Now having defined the notion of symmetric super trimatrices 
we now proceed on to define quasi symmetric super trimatrices. 


DEFINITION 3.11: V = V;U V2 U V3 be a square super trimatrix 
or a mixed square super trimatrix or a mixed super trimatrix. 
We call V to be a quasi symmetric super trimatrix if at least one 
of the supermatrices V;, Vz or V3 is a symmetric supermatrix. 


Now we illustrate this by some examples. 


Example 3.18: Let T=T,UT2 UT3 


wo Ole Ww 
Len cet > el 
MA Wlrre Nd 
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1 
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T is super trimatrix which is a quasi symmetric super trimatrix 
as T> is a symmetric supermatrix but T, and T3 are just 
supermatrices. 
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Example 3.19: Let V = V, U V2 U V3 where 


V,= 
01 6 
1 4 0 
ey. 2 

v,=|3 3 2 
4 4 I 
55 3 
6 0 7 


and 


Clearly V is a super trimatrix but V is only a quasi symmetric 
super trimatrix as V, and V> are symmetric supermatrices but V3 
is only a supermatrix. 


Now having seen examples of quasi super trimatrices we 
proceed on to define the notion of quasi semi super trimatrices. 


DEFINITION 3.12: Let V = V; U V2 U V3 be a semi super 


trimatrix. If V;, V2 and V3 are square matrices or super square 
matrices then we call V to be a mixed square semi super 


pales 


trimatrix. If V;, V2 and V3 are n x n square matrices orn xn 
supermatrices then we call V to be a square semi super 
trimatrix or ann Xn semi super trimatrix. 


Example 3.20: Let 
T=T,UT,UT3 


3} 1 3|0 Le 2 
= U S 
2|0 P| 2 3 5 
be a semi super trimatrix. Clearly T is a 2 x 2 or square semi 
super trimatrix. 


Example 3.21: Let V = V, U V2 U V3 be a semi super trimatrix 
where 


a: 2: AS 
6 7 8 9 
Vi= 
i ee! aes 
On Dn 2 


and 
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Clearly V is a mixed square semi super trimatrix. 
Next we define mixed super trimatrix. 


DEFINITION 3.13: Let T = T; UT, UT; where some of T; is a 
square supermatrix or matrix and the rest are rectangular 
supermatrix or matrix then we call T to be a mixed super 
trimatrix. 


Example 3.22: Let V = V, U V2 U V3 where 


1 
0 
4 
7 


4 
2 
8 
1 


and 


V is a semi super trimatrix which is a mixed semi super 
trimatrix. 


Example 3.23: Let S =S; US: U 83 where 
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S is a semi super trimatrix which is a mixed semi super 
trimatrix. 


Example 3.24: Let V = V; U V2 U V3 be a semi super trimatrix 


where 
ll STO? 26 8 
PN Dee Ge RS ih 82 Fae 20 
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and 


We see the three matrices V;, V2 and V3 are rectangular 
matrices of order 2 x 9, 6 x 4 and 6 x 5 respectively. V is called 
or defined as a mixed rectangular semi super trimatrix. 


Example 3.25: Let T =T, U Tz U T3 be a semi super trimatrix 
where 
3 1267 8 1 


~ 
oO 
Oo N 
N 
ran) 


and 


We see each of the 3 matrices T;, T, and T3 are 3 x 7 matrices 
or 3 x 7 supermatrices. Thus T is a 3 x 7 rectangular semi super 
trimatrix. 


Example 3.26: Let T = T, U T2 U T3 be a semi super trimatrix 
where 
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7 8 9 
Le “De 3 
4 5 6 
= 
3°. 1: 2 
5 6 4 
8 9 7 
and 
3 12/3 4 5/1 
2: SOW Qe is AN 
iL . 
12 4/6 8 11}3 
03 517 9 0} 5 


T is a mixed rectangular semi super trimatrix. 


Now we see just a column semi super trimatrix and row semi 
super trimatrix. 


Example 3.27: Let A= A; U Az U Az where 
A; =[12345 6], 
A.=[0101]01]/01 3] 
and 


A3=[987|6432] 10]. 


A is a semi super trimatrix which we call as simple row semi 
super trimatrix or simple row semi super trivector. 


Example 3.28: Let V=V,; U V2 U V3 where 
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and V,= 
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= N nN RK W 
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V is a semi super trimatrix which is a simple column semi super 
trivector or a simple column semi super trimatrix. We define 
dual partition in case of super trimatrices. It is important to 
mention here the main difference between a simple row or 
column super trimatrix and a row or column super trivector is 
that when we say simple column or row super trimatrix each of 
its components in T = T; U T2 U T3 are just a simple 1 x nj, 1 = 
1, 2, 3 row matrices or simple m; x | column matrices. 


We first see how the product is defined. 


DEFINITION 3.14: Let T = T; UT, UT; be a simple row semi 
super trimatrix, where _T, =(ai, sseies a); 1 sis 3. If T; is 
partitioned between rows r andr + 1, s ands + 1 andt andt + 
1 and so on. We know 

T’ =(LUT, VL) =T UT Ur, 


where 


i = I, 2, 3. Now each T,; will be partitioned between the 


columns r andr + 1, s ands + 1 andt and t+ 1 and so on. We 
call this type of partition carried on say from a 1 xn; row to any 
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n; X I column vector to be a dual partition. Thus if a row 
supermatrix A=(a,a,...a,) has some partition and if a 


column supermatrix 


has the dual partition then we have a well defined product AB. 
This we will first illustrate by an example. 
Example 3.29: Let T= T; U Tz U T3 where A; =[230|1547 


|2 0], As=[1]2345]/01]andA3;=[1110/12015]|01] 
be a simple row super trimatrix. Let B = B; U B» U Bs; where 


and B,= 
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be a simple column super trimatrix. Then 


AB 


(A; U Ay U A3) (By U Bo U B3) 
Ay B, U A> Bo U A; Bz 
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1 
=4[2 3 ie [1 5 4 7, [2 ay RY 


=[2 | 19 | 6]U[O | 33 | 2]U[6 | 14 | Oo]. 
Clearly this is a simple row super trimatrix. 


Suppose we want to find 


BA = (By U Bo U B3) (Ay U A> U A3) 
= B.A, U B.A, U B3A3. 
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We see though we have the compatibility with respect to each 
cell, yet the resultant is some new structure which is never 
defined for they are not super trimatrices or vector or any 
known mathematical structure. 

Thus as in case of matrices if AB is defined it may happen 
that BA is undefined likewise we see here AB is defined but BA 
is undefined. 

Now we illustrate by a simple example the minor product of 
two super trimatrices. 


Example 3.30: Let T = T; U T2 UT3 and S = S; U S2 U 83 be 
any two super trivectors, where 


T=T, UTLUT; 


O;1 O}1 2 3 
= [3 pfs 10 2] auf), | ly 


6}0 4 5 
Ie 52 3/2" Oe ale 32 al 
1 1 0;1 5 01/0 1 
1 15;0 4 0 7)3 0 
be a row super trivector and 
S=S,;US.U 83 
1011 1 
oe | 0 10 1 0 
12 3 4 
1 0 20 1 2 0 
— 0 12 5 
is 12 1 01 0 0 
13 0 1 
1 1 0 2 
a a os oe 1000 1 
4 3 0 11 1 £=0 
a st.) 2 
1 0 3 100 1 
1010 1 
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be a column super trivector. Now 
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We see the resultant is only a trimatrix. Thus the product TS of 
the row super trivector T with a compatible column super 
trivector S is only a trimatrix and not a super trimatrix. 


Example 3.31: Let T = T,; U T2 U T;3 be a row super trivector 
and S = 8; US; U 83 be a column super trivector. 


TS = [T; UT, UTs] [Si: US. U 83] 
TS; U ToS) U T3S3 


where 
Soe Ae Be eae AA 2s AO 
T= U 
| 0 6 101 0 | 1 i 
3 01 1/1 1/0 1 +0 
160 0/0 O}1 0 1} vu 
O80 20% Tee Ei oi 26 
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1;0 11/0 10 1 =0 
0O}/1 2 2/1 01 0 =1 
and 


232 


= oO ere BAIN OID N MM 


eS eh 


3) 


=a ON IRS  O HIO Ut 


233 


3 3 


1 


1 


_— © © 
So oO mo 
Oo - O&O 


234 


—-_- Oo Oo O&O 
oO FP Re Ww 
- oOo —_- 
or Oo WN 
=a OS — 
—_= & oOo —_ = 
_- or Oo — 


3 0 1 ae 4 2 16 
6 0 2 LS 2 1 1 1 
+ + 
3 0 1 1) 2.3 1 VO A 

00:0), 2 3 6), [22-3 
10 9 24 
12 
40 32 8 6 5 
= U U 
14 25 S92 da 
13 
4 8 7 


We see TS is just a trimatrix which is not a super trimatrix. 
Now we find the product of a row super trivector T with its 
transpose. 
Example 3.32: Let T=T, UT2 UT3 
Be AO re OP 2S a el 2 
= U 
12 5/0 101 0;42 0 
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be a row super trivector. 
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We see the resultant of TT’ is a symmetric trimatrix which is 
not a super trimatrix. 


Example 3.33: Let T = T; U Tz U T3 be a row super trivector; 
to find the product of T with T". Given 


T=T,UT>, UT; 
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is a trimatrix which is symmetric, clearly not a super trimatrix. 
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DEFINITION 3.15: Let T = T; UT, UT; be a super trimatrix, if 
every T; is symmetric supermatrix i = 1, 2, 3 then we say T is 
symmetric super trimatrix. Clearly if T is a symmetric super 
trimatrix then T should be either a mixed square symmetric 
super trimatrix or square symmetric super trimatrix. 


We illustrate this by the following examples. 


Example 3.34: Let T= T, U T2 U T3 be a super trimatrix where 


and 


We see T = T; U T2 UT; 1s a square symmetric super trimatrix. 
Further each T;; 1 <1 <3 are 4 x 4 symmetric super trimatrix. 


Example 3.35: Let V = V; U V2 UV3 where 
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3 
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be a symmetric super trimatrix. Clearly V is a mixed square 


symmetric super trimatrix. 


=T,UT,UT; where 


Example 3.36: Let T 
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and 


We see each of the matrices T), T, and T3 are symmetric 
matrices. 

Further they are also supermatrices but T = T; U T2 U T3 1s 
not a symmetric super trimatrix as T is only a symmetric matrix 
but T, is not symmetric supermatrix though T, is a supermatrix. 
Thus T is only a super trimatrix which is not symmetric. 

From this we see each of the supermatrix which 1s 
symmetric must be partitioned, such that it is a symmetric 
supermatrix. Though T, is symmetric it is not symmetric 
supermatrix as the partition happens to yield a non symmetric 
supermatrix. 


Example 3.37: Let T= T, U T2 U T3 where 
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and 


We see T is a super trimatrix but it is not a symmetric trimatrix. 
Only one of the matrices T, alone is a super symmetric matrix. 
It is not even a square super trimatrix. Thus T is only a mixed 
super trimatrix. 


Example 3.38: Let T = T; U T2 U T3 where 
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T is a mixed square super trimatrix but T is not a symmetric 
mixed square super trimatrix. For T; is a supermatrix further T; 
is a Symmetric matrix but after partition T; is not a symmetric 
super trimatrix. T, is not a symmetric matrix only a supermatrix. 
T> is a symmetric supermatrix. Thus T is only a mixed square 
super trimatrix. 


Example 3.39: Let V=V, U V2 U V3 where 


and 
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We see T is a mixed square super trimatrix which is also a 
mixed square symmetric super trimatrix. 

Thus we are interested in studying those super trimatrices T 
= T,; U T, U T3 in which at least one of them is a symmetric 
supermatrix. To this end we give the following definition. 


DEFINITION 3.16: Let T = T; UT) UT; be a super trimatrix we 
say T is a quasi symmetric super trimatrix if at least one of the 
T; is a symmetric supermatrix I Si <3. 


1. It may so happen all the 3 matrices are symmetric 
matrices; yet all of them are not super symmetric, only 
one is a symmetric supermatrix. 

2. It may so happen only one of the matrices T; alone is a 
super symmetric matrix where as others are rectangular 
supermatrices. 

3. It may so happen T is a square super trimatrix or a 
mixed square super trimatrix where only one of the T; is 
a symmetric super trimatrix. 


Thus in all these cases also we call T to be a quasi 
symmetric super trimatrix. Now we have seen if T is row super 
trivector then T. T’ the product of T with its transpose yields a 
trimatrix which is not a super trimatrix but it is a symmetric 
trimatrix. Thus we have a method by which we can generate 
symmetric trimatrices, of course it may be square symmetric 
trimatrix or a mixed square symmetric trimatrix. 
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Now do we have any method of generating symmetric super 
trimatrices? The answer is yes and now we proceed on to 
generate them by a special product. 


Example 3.40: Let T = T, U T2 U T3 be a super trimatrix where 


and 
1 1 1 
2 0 0 
3 0 1 
T; =| 0 0 2 
1 0 1 
2 0 2 
0 1 0 
Now 
Pao ol) Hi SL wi. 
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=§,US,US;=S. 


We see S is a symmetric super trimatrix. Thus using the product 
of T with T' we get a symmetric super trimatrix. 

Now for the same trimatrix T = T; U T> U T3 we find the 
product 


Te = “(ay or) (a) 
(Por, oT) |e toT)) 


(TST, 1, OTT, ) 
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13 11 
12 9 
= Ulll 6 
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14 9 
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We see P is also a symmetric super trimatrix. However we see P 
and S i.e., TT’ and T'T have no relation. 

Thus for a given super trimatrix T we can obtain two 
symmetric super trimatrices. Now we proceed on to define the 
notion of semi super trimatrix and the types of semi super 
trimatrices. 


DEFINITION 3.17: Let T = T; UT? UT3, where at least one of 
the T; is a supermatrix and at least one of the T; (i #j) is just a 
matrix and not a supermatrix (1 Si, j <3) then we call T to be a 
semi super trimatrix. 
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Example 3.41; Let T= T,U T2 UT3 where T;=[0123 4 ]; T, 
=[(21)/057|1113]andT;=[1103|893]12571]. Tis 
a semi super trimatrix for T; is just a row vector where as T, and 
T3 are super row vectors. 


Example 3.42: Let S =S,U S2 U S3 where 


3 
1 2 
0 3 
Si= 1 59) =| 4 
1 5 
0 6 
and 
1 
0 
1 
S,=|1]. 
1 
1 
1 


S is semi super trimatrix as S, and 8; are column super vectors 
where as S> is just a column vector. 


Example 3.43: Let Q = Q; U Qo U Q3 where 
Q, =[1 11110], 
Qo =[2304157] 
and 


Q;=[31|705]1143]0}; 


Q is a semi super trimatrix for Q; and Q> are just row vectors 
where as Q3; is a row super vector. 
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Example 3.44: Let V=V,U V2 U V3 where 


MAIN Flo mR eR 


V is a Semi super trimatrix as V, and V3 are just column vectors 
where as only V> is a super column vector. 


Example 3.45: Let V =V,U V2 U V3 where 


a LO. 2 
i Oi 2 
2 2 ae Ee a) 
Vi = ,V,= and V,=|2 0 1 
1 5 4/8 1 
Le) 
Lt Boe A 


V is a semi super trimatrix as V, and V3 are just square matrices 
where as V> 1s a Square supermatrix. 


Example 3.46: Let W = W,U W2U W3 where 


I 22 3 
W,=|0 1 2),W,= 
5 6 7 
and 
1 0 2 
W;,=|2 0 1}. 
1 1 O 
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W is a semi super trimatrix as W, and W; are just square 
matrices where as W> is a square supermatrix. 


Example 3.47: Let W = WU W2U W3 where 


and 


W is a semi super trimatrix as W> is just a matrix where as W, 
and W; are supermatrices. 


Example 3.48: Let S = 8; U SU S83 where 


and 


g2[2 1a 43607 
PEN Bae AS BAGO." 


S is semi super trimatrix, as S, is just a rectangular matrix but S, 
and S; are rectangular supermatrices. 


Example 3.49: Let T = T,U T2U T3 where 
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T is a semi super trimatrix as T; is a square matrix, T, and T; are 
supermatrices. 

Just as in case of semi superbimatrix we can in case of semi 
super trimatrices also define 5 types of semi super trimatrices. If 
in the semi super trimatrix T; U T2 U T; all the 3 matrices are 
just column vectors we call T to be a semi super column vector. 

Examples 3.42 and 3.44 are semi super column trimatrices. 
If in the row semi super trimatrix V = V; U V2 U V3, Vi’s are 
matrices 1 <1 <3; some of them super row vector; then we call 
V to be a semi super row trivector. The examples 3.41and 3.43 
are semi super row trivector. Let V = V; U V2 U V3 be a semi 
super trimatrix where each of the V; is an n x n square matrices 
1 <1 <3, some of which are super square matrices and others 
just square matrices. We call V = V; U V2 U V3 to be a semi 
square super trimatrix. 


We give the following example. 


Example 3.50: Let U =U; U U2 U U3 where 


U; 
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be a semi super trimatrix. U is a 4 x 4 square semi super 
trimatrix. 

Next we consider a semi super trimatrix T = T,; U T2 U T3, 
where T;’s are square matrices of different order; some of the 
square matrices are super square matrices. We call T to be a 
mixed semi super square matrix. The examples 3.45 and 3.46 
are mixed semi super square trimatrices. 

Now we proceed on to define the notion of a mixed semi 
super rectangular trimatrix and a semi super rectangular 
trimatrix. 

Let V = V; U V2 U V3 where V;’s are m x n (m # n) 
rectangular matrices some just ordinary and_ other 
supermatrices. Thus we call V to be an m x n rectangular semi 
super trimatrix. 


We illustrate this by a simple example. 


Example 3.51: Let M = M,U M2 U M; where 
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1 2 0 2 1 
M,=/0 1 0 1 0 1 
2° 2° 2. 1 0 
and 
1 01 1 | 0 
M,=/1 1 1 1/1 0 0 
0 11 £1)0 1 


be a semi super trimatrix. We see M is a 3 x 7 rectangular semi 
super trimatrix. 

A semi super trimatrix V = V; U V2 U V3 is said to be a 
mixed rectangular semi super trimatrix if V;’s are rectangular 
matrices or rectangular supermatrices of different orders. The 
semi supermatrices given in the example 3.48 is a mixed 
rectangular semi super trimatrix. 

A semi super trimatrix W is said to be a mixed semi super 
trimatrix if in W = W,; U W>2 U W; some of the matrices W;’s 
are square matrices or square supermatrices and some of the 
W;’s are rectangular matrices or rectangular supermatrices. 


Example 3.52: Let T = T,U T2 U T3 where 


and 


22 


T is a mixed semi super trimatrix. 


= Si U So U S3 where 


Example 3.53: Let S 
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0 21|6 
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2 418 


=—4 © © 
om N 
en a en 
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and 


S is a mixed semi super trimatrix. 
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Now having seen the 5 types of semi super trimatrices now 
we define the notion of semi super trimatrix which is symmetric 
and a quasi symmetric semi super trimatrix. 


Example 3.54: Let T = T; U Tz U T3 where T is a semi super 
trimatrix. We say T is a symmetric semi super trimatrix if each 


of the T; is a symmetric matrix or a symmetric supermatrix. 


Example 3.55: Let V=V,U V2 U V3 where 


V.= 
34 5 6 
9875 
Py ae 
GS Ge Ao 
6178 
a a ae 
and 
i. > 3 30 
D5 Or A 
V,= 
5.0 a3 
0 1 2 6 


is a Symmetric semi super trimatrix as V, and V> are symmetric 
supermatrices and V3 is just a symmetric matrix. 


Example 3.56: Let T= T,U T2 U T3 where 
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(ee aes Ces 
i, “9 - Ae 0 
TA) %0 So 2 <b, 
Stone Fy. 0 
i Oot OF 8 
3 0 8 
T,=|0 5 6 
8 6 3 


and 


Here T,; and T, are symmetric matrices where as T3 is a 
symmetric supermatrix. Thus T is a symmetric semi 
supermatrix. 

Now we proceed on to define the notion of quasi symmetric 
semi supermatrix and illustrate it by some simple examples. 


DEFINITION 3.18: Let T = T; UT) UT; be a semi super 
trimatrix. If one of the T;’s is symmetric supermatrix and one of 
the T;’s is a symmetric matrix then we call T to be a quasi 
symmetric semi super trimatrix, i.e., the other T, can be a 
square matrix which is not symmetric or a square supermatrix 
which is not symmetric or a rectangular supermatrix or a 
rectangular ordinary matrix (1 Si, j, k <3). 


Example 3.57: Let T = T; U T2 U T;3 be a semi super trimatrix 
where 
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and 


T is a quasi symmetric super trimatrix. 


=V,UV2U V3 where 


Example 3.58: Let V 
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3 
1 
1 
7 
1 
0 
6 
1 
0 


and 


we see V, is a symmetric square matrix. V3 is a symmetric 
square supermatrix where as V> is just a rectangular matrix. 
Thus V is a quasi symmetric semi super trimatrix. 


Example 3.59: Let S =S;U S2U S83 where S, is a square matrix 
given by 


9 8 7 6 4 3 
pa 0 a a 
g Lao ee 8: 2 
Ta O08 A Be Bey 
7 eae ae ay a 6 A 
070 3 62 
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and 
3 4 5 1 
420 1 
S,= 
5 0 3 Il 
111 0 


is not a quasi symmetric semi trimatrix as S) is a symmetric as a 
matrix but not a symmetric supermatrix because of the partition. 
S3 1S a Symmetric matrix and S; just a non symmetric square 
matrix. 


Example 3.60: Let T =T,U T2U T3 where 


OF th 243° OOS 

165 4 3 2 

ee Se OT Me. e299) 
T, = 

32 TY Be 6: “1 

03 06 5 8 

Sede BS 
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and 
2 1 0 
dW ae ee 
5 0 9 


T is a quasi symmetric semi super trimatrix. 


Now having seen examples of quasi symmetric semi super 
trimatrix we now proceed on to define some of its properties. 


A matrix T of the form 


ae a) 
1 0 1 
1 1 1 
T=|2 6 2 
0 1 2 
5 6 7 
Bo As 2 


will be known as a special super column vector. Likewise 


3 1/4 7 1 O;7 14] 1 
g.| | 0/5 8 0 4/8 2)0 
SF 2a Or 2, NO? 235 ))-0 
6 3/6 0 3 6|9 4}3 


iS a Supermatrix which will be known as the special super row 
vector. We see these matrices are partitioned either horizontally 
or vertically never both vertically and horizontally. 


We see the matrix 
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is not a column super vector for it is divided both vertically and 
horizontally. 

Thus a special column super vector is always divided or 
partitioned only horizontally and a special super row vector is 
always partitioned only vertically. Thus 


is not a special super row vector. 

Now we give conditions under which the product of a 
special column super vector is compatible with a special row 
super vector and so on. 

We define both the minor product as well as the major 
product of these supermatrices when specially these 
supermatrices are super trimatrices. 


DEFINITION 3.19: Let T = T; UT, U T3 be a semi super 
trimatrix if at least one of the T; is a column super vector and 
one of the T;’s is a simple column vector i.e., T; is am xn 
matrix with m > n then we call T to be a special column semi 
super trimatrix or vector (1 Si, j <3). 


We first illustrate this by a simple example before we define 
more concepts. 
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Example 3.61: Let T = T,U T2 U T3 where 


pee oe oe Bi EE 
‘12 0/6 8 10 1/2 9/ 


Be I 2 2* By. il 
012 3 4 
5 678 9 
T= 9 8 7 6 5 
43 21 0 
Li od 2 = alte 
01 1 1 +0 
3 002 1 
and 
oe ah 3 
6 7 8 
T= 9 0 1 | 
23 4 
6 7 8 
9 1 3 


T is a special column semi super trivector. Clearly we see all the 
3 matrices need not be an m x n matrix with n> m. 


Example 3.62: Let S=S,U S2U S;3 where 
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3 1 2 

OL] 

6 1 1 

gai tes 

1 1 0 

oD 

6 7 8 

13 4 

and 
De ds De Be SD 
102 6 1 
0107 8 
8 7 0 0 7 
S,=|1 1 0 8 4}; 

12 3 4 5 
6 7 8 9 0 
Lode UOr oh. AT 
8 1 9 1 0 


S is a Special semi super column trivector or matrix we see S, is 
a Square supermatrix but S, is a special column super trivector 
and S3is an m x n matrix with m > n. 


DEFINITION 3.20: Let P = P; UP 2 UP; where at least one of 
the P;’s is a special row super vector; at least one of the P;’s is 
a special row vector i.e., P; is anm xn matrix in which n> m. 1 
Eee ee? 


Then we call P to be a special semi super row trivector. 


We illustrate this by the following examples. 
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Example 3.63: Let P = P;U P2U P3 where 


P= 
0 12|3|4 5 67|8 9 
P,=|1 0 1/2/0 7 0 67 6 
S- eS 1 0/0 1 


and 


eA ee Be Belo 
715 386815174 


P is a special semi super row trivector. 


Example 3.64: Let S = 8; U S2U S3 where 


3 4 6 8 0 
S, = 2: 
| Sine ae ee | 


=a ele WwW YN CO] WwW 
—- of Ff OAD FIR 
Se Flor NY OCO|N 
Re RelwWwo BR NF I1N 


and 
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NDA F © 
mann & 
BW NY 
ow kD 
Pe NO Nn WwW 
NO RF HD 
wo Oo nN N 
nA Oo W 
me NO oO Bf 
GoW wo SO 
—=— —= ~~) 


S is a special semi super row trimatrix or trivector, as S» and S; 
are rectangular m x n matrices with m > n. 

Now we proceed on to illustrate by examples the products 
of semi super trimatrices. 


Example 3.65: Let T = T; U T2 U Ts; be a special semi super 


row trivector and P = P; U P, U P3 a special semi super column 
trivector. Here T= T, U To UT3 


1 3 5/1/0 0 1 1 
2 4 O/}/1/1 0 0 0 
is special row trimatrix. 
P=P,UP, UP; 


1 O 1 

1 O 
0 1 0 

0 1 
sa) | tl ad! 

0 1 1] {2 #1 
— |} |0 1 2 

=!1 0 1/JUI1 O}U 

1 0 O 

1 1 O!] |1 #1 
0 1 1 

0 1 
1 0 1 

2 0 
0 0 0 


is a special semi super column trimatrix. 


(T, UT, U T3)(P| UP,U P3) 


TP, U ToP2U T3P3 


a oe wl” eee er el 
oO at Te OOH OG 


Sele 
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= = ON CO aS 
(ee ee 


an) 
io 
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Pee 1 Fe ee 
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1 3 5/1/0 0 1 1 
2 4 0/1/0 0 0 0 
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1 O 
5 7 3 1-4 
1 1 
+/1][2 t+]1 0 0 27) | 
2 0 1 1 0 
2 0 
1 0 1 
to. 1 
| Jot of] fo 1 a} 
2 4 0 1 
1 1 1 
0 0 
001 1/0 1 +1 
1 0 0 O}/1 0 1 
0 0 0 
13 4 2 0} {10 5] {18 4 
=|5 6 9JUs}|1 2)4+) 2 14+) 5 
1 0 1 ou 4 2 
6 8 6 0 1 2 1 0 1 
U + + 
20°42 OP UG 2 1 0 0 
13 4 30 9 
bee D 
=|5 6 9JU} 8 3}U 
aor A 
1 0 1 os 


We see TP is just a trimatrix which is not a semi super trimatrix. 
Example 3.66: Let T = T; U Tz U T3 be a special semi super 
row trimatrix and V = V; U V2 U V3 be a special semi super 


column trimatrix. 


T=T,UT,UT; 
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be a special semi super row trimatrix. 


ViUV2U V3 


V= 


ieqo ya a Se ee 
=-— CoO ne /O no |CO CO Oo 


oOo Oo C/O AI Oo Oo Oo 


= fs Olme Olne Ow Oo 
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be a special semi super column trimatrix. To find 


=V,;U V2,U V3) 


T;,UT2U T3)(V 
TV, U ToV> U T3V3 


(TS 


TV 
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Clearly this is only a mixed trimatrix which is not a semi super 


trimatrix. 
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Now we proceed on to define the notion of minor product of 
special semi super row trivector and a special semi super 
column trivector. 


DEFINITION 3.21: Let T = T; UT, UT; be any special semi 
super row trimatrix and V = V; UV, U V3 be another special 
semi super column trimatrix. The minor product TV = (T = T; UV 
T> U T3) (VV = ViUdV>2 U V3) = TV, UT2V> U T3V3 is defined if 
each of the product T;V;, 1 Si <3 is defined. 


Note: In the case of minor product of two special semi super 
trimatrices the resultant is a only trimatrix and not even a super 
trimatrix or a semi super trimatrix. 


Example 3.67: Let T = T; U Tz U T3 be a special semi super 
row trivector to find the minor product of TT’. 
Given T= T, UT, UT3 


31025 
10101 
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0001 1/01 1/1 0f1 


is a special semi super row trivector. 
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1 110 00 0 0 
LD DB de Oe <2 
+ 
2 2 1) 10 0 0. 0 
0 1 1 1) 10 1 =°0~=1 
39 8 3 14 15: oF. Geos 
45 7 10 
§ 3 0 6 7 10 9 3 
= Kyi) 2 Be 2 
3 02 0 6 9 15 3 
10 2 13 
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We see the minor product of TT' is a symmetric trimatrix and is 
not a super trimatrix. In fact TT’ is a mixed symmetric 
trimatrix. Thus the minor product of special semi super row 
trivector with its transpose yields a symmetric trimatrix. 


Example 3.68: Let T = T; U Tz U T3 be a special semi super 
row trivector. To find the product of TT’. Given 


1213/0 1 1 1 =s41 
Of 42h. a3 

0 O;1;1 0 1 0 1 
T=|1 2 3 OfVU 3) 

2 O/;1/0 1 0 1 +0 
2 3 1 +0 
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t Qe Qe “ih | 0 1/0 
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22 1 0 0/}1 0 0 1/1 
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This is clearly a symmetric trimatrix which is neither semi super 
or super. 

Now we proceed on to illustrate major product of semi 
super trimatrices. 


Example 3.69: Let T = T; U T2 U T3 be a special semi super 


row trivector. V = V;U V2 U V;3 be a special semi super column 
trivector. 
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be the special semi super row trivector. V 
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be the semi super column trivector. 
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Thus the product results only in a usual trimatrix. 


Now we give an illustration of the major product. 


Example 3.70: Let S = S; U S2 U 83 be a special semi super 


column trivector. V 


V,U V2 U V3 be another special semi 


super row trivector. To find the product SV. Given 
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is a Special semi super column trivector. Here 


0 


0 0 


be the special semi super row trivector. 
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We see the major product yields a semi super trimatrix. 
Thus using major product of compatible special semi super 
trivector we can get more and more semi super trimatrices 
which are not trivectors. We give yet another example of how 
the major product is determined. 


Example 3.71: Let 
T=T,UT,UT; 
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be a special semi super column trivector and 
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Example 3.72: Let 
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be a special semi super column trivector. 
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We see the resultant is a symmetric semi super trimatrix. 
Thus the major product of a special semi super column trimatrix 
T with its transpose T' yields a symmetric semi super trimatrix. 


Example 3.73: Let P = P; U P2 U P3 be a special semi super 
row trimatrix. To find the value of P'P. Given 


1 01 1 
0 10 1 
P=/1 0 1 OfVU 
0 11 0 
1 1 0 0 
SAL a A Oo a Oe eT 
1 O}1 0 OJO 1 0 1 0 0 
rE) 2! aa ae Oe ea 
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ia | 0 1 
0 0;0 1;0 1 0 
0 1 0 0 0 
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Clearly P'P is again a symmetric semi super trimatrix. Thus the 
major product of a transpose of a special semi supermatrix P 
with itself yields a symmetric semi supermatrix. Now we 
proceed on to define the notion of major product of semi 
supermatrices. 


Example 3.74: Let P = P; UP, UP; and T = T; UT, UT3 be 
two semi super trimatrices for which major product PT is 
defined. We find this product for P and T. 


Given 
1 36 30. il: 
0 1 1 1 
3 10 1 3 101 
pose ee oe ea a 00 1ly 
0 1 6 3 1 00 0 
1 0 0 0 0 Oia 
1 1 0 2 
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is a Semi super trimatrix. 


Now 


(P, UP, U P3) (T; UT, U T3) 


Pi= 
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PT; U Po 
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We calculate 
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i O;1 041/011 
Z33 = 
1/1 1 0/1 0 2});—— 


Z, LZ, Ly; 
vie =|Z,, Zy Ly 
Z;, Ly Ly, 


In the similar manner Zi, is also calculated. We see the 


major product of two semi super trimatrix yields a semi super 
trimatrix provided the product is defined. 


Now having defined this we can also as in case of special 
semi super trivectors define the product of a semi super 
trimatrix with its transpose. 


Example 3.75: Let T= T, U T2 U T3 be a semi super trimatrix 
where 


PO: 41 A B30 4 
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Zi Zn Zi3 
Z Zy Zy 
Z3, Zy Zy; 
where the calculations of Zi; and Z;, will be shown explicitly 


and then filled in to form the supermatrix. 


Z', =[1]0112|34] 
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=[0 3 3 Oj+[5 4 3 O]+fl1 1 0 J] 


=[6 8 6 I]. 


Z;,,=(3|1 0 3 1/1 Of 
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= [9] +[11]+ [1] = [21]. 


Now 
Zi Zi, Zi3 
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Thus 


5 121 6 
1. 2 Oi -1, -0 
TT S)2 "0: 220° 5. 
1 the O22, 
605 1 14 
3216 7 11 2 11/7 6 
3 1 1 2)1 3 
1 4 1 4/3 1 
132-4 Boi. 
ie Ae 2 Wa. 
1h) | 2A: 31S 3 
13 5 1 3/4 1 
Be Deed, Dea 3 
13 3 
3 7 
3 3 
Ul4 4 
5 4 
4 0 
8 10 


We see the product gives us a symmetric semi super trimatrix. 
The interested reader can find T'T which will give yet another 
symmetric semi super trimatrix. 


We have given the explicit working of the product, the main 
motivation for it is that while calculating for a general case we 
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have to give lots of notations and we felt it would only confuse 
the reader. It is certainly easy to find the major products using 
these illustrations for after all what we are interested is that the 
reader should be in a positions to work it out. The theory behind 
it is not very difficult but the notational representations 1s little 
cumbersome. 
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Chapter Four 


SUPER N-MATRICES AND THEIR 
PROPERTIES 


In this chapter we for the first time introduce the notion of super 
n-matrices (n-an integer and n > 3) and give a few of its 
properties. When n = | we get the supermatrix, n = 2, it is the 
superbimatrix studied in chapter two. The study of super tri 
matrix has been studied in chapter three, the case when n = 3; 
when we say super n-matrix we mean n a positive integer and n 
> 3. Here we also define the notion of semi super n-matrices 
and show how the product defined using them at times yields 
only an ordinary or elementary n-matrix. Further some of the 
products induce a symmetric super n-matrix or a quasi 
symmetric super n-matrix. 


DEFINITION 4.1: Let V = V; UV? Uv... UV, (n > 3) denote n 
distinct super matrices, i.e., each V; is a super matrix I Si <n. 
‘UL, is just a symbol. We define V to be a super n-matrix. 


Example 4.1: Let V=V,; U V2 U V3 U V4 where 


V,=[10]234] 5], 
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Vo= 


AN WLR Fle Oo N 


and 
3 0] 1 
1 1/1 
V4 = 
2° 2 
5 3/5 


V is a super 4-matrix. Here n = 4. 


Example 4.2: Let T=T, UT, UT3 U T4 U Ts where 


3021 5/3 1 
N-lT7 20 718 0l’ 


T= 
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Sp Des ae 5 
0 1;0 5 1 
Ig] )6- 3% 8 Dy 
Led :0° Te 2 
2. O22 03 


and 


T is a super 5-matrix. In this case we have n= 5. 
Example 4.3: Let T=T, UT, UT3 U Ty UTs U To where 
T, =[0|101|23 4], 
T,=[1]2345|578|90], 
T;=[013|45|789 10], 
T,=[6|12|30146 1], 
T5=[310|22501] 
and 


Ts=[1]23|456|7181]. 


T is a super 6-matrix. We see each of the super matrices T;’s are 
row super vectors. 


DEFINITION 4.2: Let T= T; UT) v ... UT, (n > 3) be a super 
n-matrix. If each of the T; is a super row vector i = 1, 2, ..., n 
then we call T to be a row super n-vector or super row n-vector. 


The example 4.3 is a super row 6-vector. 


Example 4.4: Let S =S, U S2 U 83 U S4 where 


S,= and S4= 


Nn IW NIK 
N 
N 
| 

FIO NION BNI OS 
N 
wW 
| 

RDA NIB NN 


=e Hib 8 ell 


S is a super 4-matrix or a super 4-column vector. 

DEFINITION 4.3: Let T= 7; UT) UT3VU...U T, be a super n- 
matrix (n >3). If each of the T; is a super column vector (1 Si < 
n) then we call T to be a super n-column vector or column super 
n-vector or column super n-matrix. 


Example 4.4 is a super 4-column vector. 


Example 4.5: Let V=V,U V2 U V3 U V4 U Vs where 
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V3= 


1 
4 
7 


oOo MIN 
Oo NI Ww 


and 


V is a super 5-matrix. We see each of the super matrices Vj; 1 < 
i <5 are square super matrices. 


DEFINITION 4.4: Let K = K; UK; UK; U... UK, (n> 3) bea 
super n-matrix if each of the K; are t x t square matrices for i = 
1, 2, ..., n then we call K to be at X t square super n-matrix. If 
on the other hand each of K; is am; * m; Square matrix i = 1, 2, 
..., 1 then we call K to be a mixed square super n-matrix. 


The example 4.5 is a mixed super square n-matrix (n = 5). 


Example 4.6: Let P = P; U P2 U P3 U Py where 


5) 


ue) 
S 
lov] 


P is a super 4-matrix. Infact P is a 4 x 4 square super 4-matrix. 


S1 U SU S3 U S4U Ss where 


Example 4.7: Let S 
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4 
9 
1 8 


S4 


and 


S is a super 5-matrix. We see each of the S;; 1 <1 <5 are 
rectangular super matrices of different order. 


DEFINITION 4.5: Let S = S; US) US3 U... US, (n >3) be a 
super n-matrix. If each of the S;’s are rectangular super 
matrices of different order then we call S to be a mixed super 
rectangular n-matrix or a mixed rectangular super n-matrix. 


The super n-matrix given in example 4.7 is a mixed rectangular 
n-matrix. If in the super n-matrix S=S,; US, U... US, each of 
the S;’s are m x t (m # t) rectangular super matrices then we call 
S to be an m x t rectangular n-matrix. 

The super n-matrix given in example 4.7 is a mixed 
rectangular n-matrix. 


DEFINITION 4.6: Let T= T; UT, UT; VU... UT, (n> 3) bea 
super n-matrix. If some of the T;’s are square supermatrices and 


bile, 


some of the T;’s are rectangular super matrices (i = j); i Sj, iS 
n, then we call T to be a mixed super n-matrix. 


Example 4.8: Let K = K; U Ky U K3 U Ky U Ks be a super 5- 
matrix where 


a5)" 2 
K,;=]1/1 O|, 
0}1 1 


and 


1 14/3 5 7}|9 147 
K; ie . 
02/4 6 8|0 4]8 
K is a mixed super n-matrix here n= 5. 
DEFINITION 4.7: Let T= T; UT? Vv... UT, (n >3) be a super 


n-matrix we say T is a special super row n-vector if each of the 
T,’s is am; X n; matrix (n; >m),; 1 <i <n; with partitions done 
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only vertically i.e., only between the columns. No partition is 
made between the rows. If P = P; UP) VU... UP, (n> 3) bea 
super n-matrix we say P is a special super column n vector if 
each P; is at; * s; matrix with t; > s; (1 Si <n) and each column 
matrix is partitioned only in between the rows i.e., horizontally 
and never partitioned in between the columns. 


Example 4.9: Let S =S; US2 U 83 U S4U Ss where 
1 3 1/0 3 
Si = p) 
22 ALA 3 


Syd! Ae Tle 2G) 


S=/1/0 5 8 
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92 Olay ay Aes We 

Le A: Se th to DS A 
S=l1/1 1/0 1 1/0 1 2 3], 

Ft 11S 2 2/0 Tt 10 

and 

i FS OS ST US 

He Sb 2B De BoB Or Gi DEO 
Perla. ae 36. Se Oe as goal 
0041 6/0 4 8/6 2]1 


S is a Super 5-matrix which is a special super row 5-matrix. 


Example 4.10: Let T = T,; U Tz U T3 U Ty where 
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=a Ola 
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T is a super 4-matrix which is a special super column 4-matrix. 


S; U S> U S3 U Sa where 


Example 4.11: Let S 


a I[rF Re IO DB TNO 
aIN MIF CO CO SI 
ON1O Sle Re we TI 


and 


Paar ae ee ae 
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Nine CO DIN Se NO 


| 
II 
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Clearly S is a super 4 matrix but S is not a special super column 
4 matrix for S; and S3 are partitioned vertically also. S; and S; 
are only super matrices and are not special super column 
vectors. 


Example 4.12: Let V = V; U V2 U V3 U V4 be a super 4- 
matrix; where 


and 


V is not a special super row vector for the super matrix V, and 
V, are partitioned horizontally also. 


Now we can define minor product of special super n- 
matrices. We first illustrate it and then define the concept. 


Example 4.13: Let T= T,; U T2 U T3 U Tq be a special super 
column 4-matrix and V = V; U V2 U V3 U V4 be a special super 


row 4 matrix the minor product TV is defined as follows. 


T=T,VTL0UT3UT, 
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S$;US,U 83 U 


be the given special super column 4 vector. S 


S4 
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be the given special super row 4-vector. 


(TU T2 UT3 U Ta) (S1 U S2 U 83 U Sa) 


TS; U T>S> U T3S3 U TaSa 


TS = 
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3 6 4/3 3° 3.3 21/0 
ZS. Do. oo ee 


5 11 6/6 65 5 4 
D 1Be Dn ISe 23s 2h. 2. 
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The resultant is a super 4-matrix which is not a special super 
row or column n-matrix. 

Now we define symmetric super n-matrix and a semi 
symmetric super n-matrix. 


DEFINITION 4.8: Let T= TT, UT) Vv ... UT, (n> 3) be a super 
n-matrix. If each of the T; is a symmetric super n-matrix then we 
call T to be a symmetric super n-matrix: 1 S$ iS n, 


Example 4.14: Let T= T,; UT, UT; UT, UTs be a super 5 
matrix where 


1 1 
0 Ij, 
1 8 


1 2/3 
Ti=1]2 51/7 
a al 
and 

Y oie 

20)/1 1 

oe ge aa, 

Tela 1]7 0 

5 Ol|1 3 

6 1/2 5 


T is a Symmetric super 5-matrix. 
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Thus a symmetric super n-matrix is either a square super n- 
matrix or a mixed square super n-matrix. It may so happen that 
in a super n-matrix T= T,; UT, UT3U... UT, (n> 3) some of 
the T;’s are symmetric supermatrices some of them just 
supermatrices in such case we define T to be a quasi symmetric 
super n-matrix 


Example 4.15: Let T=T; UT: UT3 UT, UTs U Te be a super 
6-matrix where 


and 
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1 O;1 3°55 
0 1/2 0 1 
ee We all Fo ads cD 
3. O26 ule 3 
a Doe 3 20 


Clearly T = T; UT, UT3 UT, UT; U Te is only a quasi 
symmetric super 6-matrix. 


DEFINITION 4.9: Let T= 7; UT) UT; VU... UT, (n >3) be an 
n-matrix in which some of the T;’s are super matrices and some 
of the T;’s are just matrices 1 <i, j Sn. Then we call T = T; VU 
T, U...UT, to be a semi super n-matrix. 


Example 4.16: Let T = T,; U Tz U T3 U Ty where 


a: A 2S 6 
1 3)/0 1 1 
es OR 2s bs 203, 
Oe ioe 2a 4d 
6 1/4 5 6 
OF > 2° 3\;p4- 3 
T2=|6 7 8 9/0 I], 
3.0 1 0;5 7 
1 
T3=/0 3 


and 
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T is a Semi super 4-matrix 


S; U S.U 83 U S4U Ss; where 


Example 4.17: Let S 


and 
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S;U S2U 83 U S84 U Ss is a semi super 5-matrix. 


S= 


Si U S> U S3 U Sa where 


Example 4.18: Let S 


and 
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S=S, US) US; U Sq is a semi super 4-matrix. 


DEFINITION 4.10: Let T= T; UT) Vv... UT, be a semi super n- 
matrix (n > 3). If each T; is am x p matrix with m < p and 1 Si 
<n with some of the T;’s super matrices and some of the T;’s 
just matrices then we call T to be a special semi super row n- 
vector. Ifm > p then we call T= T, UT, VU... UT, to be a 
special semi super column n-vector. 


We illustrate them by the following examples 


Example 4.19: Let V=V; UV2 UV3 U V4 U Vs be a special 
semi super row 5-vector where 


3 1 Of} 1 3 1 1 
Vea) LL 2: O12 Diy 
ae aes | 5: 1 


1 5 7 1 
1 0;0 1 6 1 
21|3 4 4 8 
V3 , 

Be ee Oo SF 
4 3)/1 3 2 6 

1 Sot 

Va= 6 
0 1 7 3 
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and 


5/3 1/2 3-5 6/7 8 
"10 119 8 7 614 3] 


Example 4.20: Let S =S; US: U 83 U 84 U Ss where 


[Oe ed OTS 
Soll ae. aps, eal Ge pl? 


S.= ’ 
4 0 
S3 = 5 1 9 
694 
ee 28 6 7|8 9 
S4=|0]3 1 Oj|1 7 
6| 1 8 0 1 


and 
10 1 
S5 = - 
2.6. 2 
S=S,;US,U 83 U Sq U Ss is a semi super 5-matrix. 


Infact S is a not special semi super row 5-vector as S) is a super 
matrix which is divided horizontally also. The row vectors must 
be partitioned only vertically and never horizontally. 
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=T,UT,UT3;UT4 where 


Example 4.21: Let T 


and 
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T4= 


Se NO FF Wl! Oo F| KR RF eR 
ee Se ON 
Any oO FILO FILO WwW FR 
OS el El el eS SS 


be a semi super n-matrix (n = 4) but T is not a special semi 
super column n-matrix as T, is divided vertically also. If T is to 
be special semi super column n-vector each matrix must be 
rectangular m =< t matrix with m > t with only horizontal 
partition of the m = t matrix. If the partition is also vertical even 
for a single T; then T is not a special semi super column n- 
vector. 

Now we illustrate major and minor products of super n- 
matrices before we give the abstract definition. 


Example 4.22: Let T= T; UT, UT3 UT, UTs and V = V, 
UV2U V3 U V4U Vs be two special super n matrices (n = 5) to 
find the product TV. Given T = T; U T2 U T3 U Ty U Ts where 


9s) 


and 


V,UV2U V3 


be the special semi column 5-matrix. Given V 


U V4U Vs where 


376 


| 


1 1 


i 
3-0. O10" Tl. 0 71 


; 


0 


1 


0/1 0 0 0 


and 


1 
0 
1 


be the special semi row 5-matrix. 
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We see the minor product of T with V yields a super n-matrix (n 
= 5). It is not a special semi n-matrix or a special semi column 
n-vector or a special semi row n-vector. It is a super n-matrix (n 
= 5); 

Now we study under what conditions is the product defined 
and is compatible. We see if T and V are special semi super n- 
vectors then both T and V must have n elements 1.e., n-matrices 
for the product to be defined. Secondly we need in both T;V; is 


compatible with respect to minor product 1.e., T=T,; UT VU... 
UT, and V=V; UV2 U... UVa, 1 <1 <n we have T; to be 
special column super vector and V; to be special row super 
vector such that the number of columns in T; = number of rows 
of Vi; 1 <1 <n. Thirdly we see the resultant of the minor 
product yields a super n-matrix and not a semi super n-matrix 
provided both T and V are special super n-vectors. Now we will 
find the major product of a special column super n-matrix with 
its transpose. 


Example 4.23: Let T=T; UT2UT3U T4 U Ts be a semi super 
column 5-vector. To find the product TT’. Given T = T; UT> 
UT; T,UTs 
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The resultant is a symmetric super 5-matrix. 


Now we proceed on to define the product of a special semi 
column super n-matrix with its transpose. 


Example 4.24: Let S = 8S; US: US; US, be the given 
special semi super column 4-vector. To find the minor product 
of S with S’. 
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a special semi super column 4-vector. 


si = (S; US; US; U Sy)" 
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We see the resultant is a symmetric semi super 4-matrix. One 
can by this product obtain several symmetric semi super 4- 
matrices. 


Thus we can define major product or minor products in case 
of super n-matrices, n = 4 as in case of super trimatrices and 
super bimatrices. The same type of operations are repeated as in 
case of super trimatrices and superbimatrices. This type of super 
n-matrices will be helpful in the fuzzy super model applications 
when we have a multi expert opinion with multi attributes. 
These matrices will be best suited for data storage. 
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